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Adaptive Visual Tracking with Minimum
Uncertainty Gap Estimation
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Abstract—A novel tracking algorithm is proposed, which robustly tracks a target by finding the state that minimizes the likelihood

uncertainty. Likelihood uncertainty is estimated by determining the gap between the lower and upper bounds of likelihood. By minimizing

the gap between the two bounds, the proposed method identifies the confident and reliable state of the target. In this study, the state

that provides the Minimum Uncertainty Gap (MUG) between likelihood bounds is shown to be more reliable than the state that provides

the maximum likelihood only, especially when severe illumination changes, occlusions, and pose variations occur. A rigorous derivation

of the lower and upper bounds of the likelihood for the visual tracking problem is provided to address this issue. Additionally, an

efficient inference algorithm that uses Interacting Markov Chain Monte Carlo (IMCMC) approach is presented to find the best state that

maximizes the average of the lower and upper bounds of likelihood while minimizing the gap between the two bounds. We extend our

method to update the target model adaptively. To update the model, the current observation is combined with a previous target model

with the adaptive weight, which is calculated according to the goodness of the current observation. The goodness of the observation

is measured using the proposed uncertainty gap estimation of likelihood. Experimental results demonstrate that the proposed method

robustly tracks the target in realistic videos and outperforms conventional tracking methods.

Index Terms—Object tracking, Lower and upper bounds of likelihood, Minimum uncertainty gap, Adaptive model update

✦

1 INTRODUCTION

Visual tracking aims to track a target accurately in
real environments [1][2][3][4][5][6][7][8][9][10][11]. For
robust tracking, most conventional tracking methods
formulate the tracking problem with the use of the
Bayesian framework [12][13][14][15][16][17][18][19]. In
the Bayesian tracking approach, the goal of the tracking
problem is to identify the best state that maximizes the
posterior probability p(Xt|Y1:t). This problem is called
the Maximum a Posterior (MAP) estimation:

X̂
MAP
t = arg

Xt

max p(Xt|Y1:t), (1)

where X̂
MAP
t denotes the best MAP state at time t. To

obtain the MAP state, the method searches for the state
that maximizes the likelihood p(Yt|Xt), which is near
the previous state as a prior. In this case, the likelihood is
typically calculated by measuring the similarity between
the observation Yt at the state Xt and the target model
Mt at time t.

In this case, the MAP estimation assumes that the
best state produces the highest likelihood score near the
previous state. However, in real-world scenarios, this
assumption is often invalid unless the target model Mt

is always correct. In practice, the target model is easily
corrupted and distorted during the online update. To ad-
dress severe appearance changes, numerous tracking al-
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gorithms evolve the target model with an online update.
During the online update, however, the tracking error
causes the target model to include background regions
and to become erroneous over time. Then the conven-
tional trackers eventually drift into the background and
fail to track the target. This drift phenomenon frequently
occurs even when the methods find the optimal MAP
state because of the noisy target model. According to this
fundamental inherent problem, the conventional MAP-
based tracking approach must be reconsidered. Note that
there are conventional MAP based trackers that try to
make the target model to be less corrupted during visual
tracking process. For example, L1 [20], MTT [21] and
low-rank [11][22][23][24] trackers propose a new state
representation that handles partial occlusions explicitly.
With this state representation, the target model can be
updated properly in spite of occlusions and the MAP
estimator provides a more accurate state.

In this study, instead of making the particular model
more robust and employing the MAP estimation, we
redefine the goal of the tracking problem as finding
the best state that maximizes the average bound of the
likelihood while minimizing the gap between bounds of
the likelihood. We call this problem the MUG estimation.
Notably, in the general tracking problem, the upper and
lower bounds of likelihood are naturally formed because
many different likelihood scores emerge with the use
of different target models that serve as the reference
appearances of the target. The different target models
are usually constructed because of different updating
strategies during the tracking process [25]. In partic-
ular, when severe occlusions or illumination changes
are presented, likelihood uncertainty becomes larger,
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Fig. 1: Why should we consider the likelihood bounds?
Experimentally, we found that the likelihood bounds are in-
evitably formed on each state over time, such as in the skaing1
sequence (above). The figure at the bottom shows the maxi-
mum gap of the likelihood bounds in each sequence and sug-
gests that these gaps should not be ignored during the tracking
process. Nevertheless conventional tracking methods overlook
likelihood bounds during visual tracking, thus making tracking
the target susceptible to failure. We address this problem in this
work.
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Fig. 2: Why are likelihood bounds formed? The target model
can be updated in many different ways during the tracking
process, and different updating strategies induce different tar-
get models. With several target models, we obtain diverse like-
lihood scores even at one state, which facilitates the formation
of the likelihood bounds at the state.

as empirically demonstrated in Figure 1. As explained
in Figure 2, the likelihood bounds are formed because
of differently updated target models. Such outliers as
occlusions and illumination changes more differentiate
the updated target models from one another.

Given that different likelihoods can be generated by
different target models, obtaining the likelihood bounds
is the same as considering all possible target models that
can be constructed. Thus, with the likelihood bounds,
the proposed method implicitly uses all possible target
models and can cover all possible appearance changes
of the target. Moreover, the method efficiently considers
an infinite number of target models by using only two
target models, which generate lower and upper bounds
of likelihood.

The large gap between the upper and lower bounds
of likelihood indicates that the corresponding state can
have either a very good likelihood or a very bad like-
lihood depending on the employed target model, as
illustrated in Figure 3. In this case, a tracking method can
not determine the aforementioned state as a good one
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Fig. 3: Why should we minimize the likelihood bounds? A
large gap between the upper and lower bounds indicates that
the corresponding state provides very different answers (like-
lihoods) depending on the target models used (red and blue).
Thus, the likelihood estimation over such state is uncertain and
unreliable. As a result, our method identifies the state that has
the minimum gap (uncertainty), which provides consistent an-
swers (likelihoods), regardless of the target models. Moreover,
by maximizing the average likelihood bound, the proposed
method can determine the state that confidently maximizes the
likelihood. The figure at the bottom shows the likelihood score
at a state of a frame in the skaing1 sequence. At the true positive
state, the likelihood score slightly changes when a different
target model is employed. However, the likelihood score at
the false positive state changes severely.

because the estimated likelihood is unreliable. Hence, the
proposed method searches for the state that can be deter-
mined as a good one. This state must has the minimum
likelihood gap and provide consistent likelihood scores.

The target inevitably changes in appearance in dy-
namic scenes because of occlusions and background clut-
ter. To cover the appearance changes of a target and to
reflect the current appearance of the target, conventional
tracking methods typically update the target models by
combining the current target model with the previous
target model to construct a new target model. However,
when target appearance is severely affected by occlu-
sions and background clutter, the target model should
not be updated because noises caused by these artifacts
will be included in a new target model, which will then
become erroneous. An erroneous target model is one
of main reasons behind the drifting problem in visual
tracking. Conventional trackers also prevent themselves
from drifting into the background during target model
updating process with following three strategies. The
first strategy is to update the target model, only when
the model can not properly represent appearance of
the target object (e.g [20][21]). The second is to update
the background model as well (e.g [11]). The last is
to update only parts of the target model, which are
not affected by noises or outliers (e.g. occlusions [26]).
To avoid the aforementioned problem, the proposed
method adaptively updates the target model only when
a current appearance is good enough to be combined
with a previous target model. The method measures
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the goodness of the current target appearance using the
proposed uncertainty gap of the likelihood.

The contributions of the present work are as follows:
1) The first contribution is a novel tracking frame-

work that uses MUG instead of MAP estimation. By
finding the state that minimizes the gap between the
likelihood bounds, our method can address the drift
problem caused by a noisy target model more robustly
than the conventional MAP-based approach. The pro-
posed method can also successfully track the target
when severe illumination changes, occlusions, and pose
variations are presented.

2) The second contribution is a rigorous derivation of
the lower and upper bounds of the likelihood in the
visual tracking problem. Although the bounds of the
likelihood are obtained on the basis of the work by [27],
applying these bounds into the visual tracking problem
is not a trivial task because parameter γ and distribution
q must be properly and carefully designed for the visual
tracking problem. In this work, γ and q are designed
as the hyper parameter of the likelihood and the prior
distribution of a target model, respectively.

3) The third contribution is an efficient strategy for ob-
taining the state with MUG. Our method constructs two
chains and infers the best state on the chains by using the
IMCMC method in [28]. In the first chain, the proposed
method finds the state that maximizes the average bound
(mean of the lower and upper bounds) of the likelihood.
In the second chain, the method searches for the state
that minimizes the gap between two likelihood bounds.
These chains communicate with each other to obtain
the best state that maximizes the average bound while
minimizing the gap between bounds.

4) The last contribution is a novel updating strat-
egy for the target model. This strategy is robust to
severe appearance changes in the target. We use the
uncertainty gap of the likelihood to update the target
model adaptively. In the experiment, we demonstrate
that our updating strategy yields tracking results that
are more accurate than those of conventional updating
approaches. To facilitate a comparison with our previous
work in [29], this extended work is described in detail
in Section 6.

The remainder of this paper is organized as follows:
Related works are introduced in Section 2. A new ob-
jective of the Bayesian tracker is introduced in Section
3. The parameter learning and state inference processes
are then presented in Sections 5 and 4, respectively. The
adaptive model updating strategy is proposed in Section
6. Section 7 presents the experimental results. Section 8
concludes this study with the discussions.

2 RELATED WORK

In tracking methods that use multiple target models, The
VTS tracker [28] tracks the target successfully with the
use of the visual tracker sampler framework. The MIL
tracker [30] solves the ambiguity of target appearance

by using multiple instances of the target model and
then robustly tracks the target with the online multiple
instance learning algorithm. The ATS tracker [31] uses
multiple trackers with different features that show vary-
ing degrees of robustness to certain object appearance
changes. The MTT tracker [21] models each particle as
a linear combination of dictionary templates and learns
these particles jointly by using the Multi-Task learning
technique. Compared with these works, which utilize a
relatively small number of target models, our method
implicitly uses all possible target models within the
likelihood bounds, wherein a certain likelihood within
the likelihood bounds is obtained using a certain target
model.

In tracking methods that consider probability bounds,
The tracker presented in [32] utilizes Cramer-Rao bounds
for visual tracking. This tracker establishes the lower
bound on errors of the estimated positions or velocities
of the targets. The tracker presented in [33] provides a
lower bound on the mean square error of the posterior
estimation for the visual tracking problem. Compared
with these two trackers which only use the lower bound,
our method utilizes both the lower and upper bounds
for visual tracking. The L1BPR tracker [20] employs
an efficient L1 tracker with the Bounded Particle Re-
sampling (BPR) technique, which considers the upper
bound of the likelihood. However, this method uses
the BPR technique to accelerate the L1 tracker without
sacrificing accuracy. Our method uses likelihood bounds
to measure likelihood uncertainty and enhances the ac-
curacy of visual tracking.

In sampling based tracking methods, The particle
filter [34] handles the non-Gaussianity of target distribu-
tion in tracking problems. The particle filter is extended
to the joint particle filter for the multi-object tracking
problem [35], [36]. In [37], [38], the Markov Chain Monte
Carlo (MCMC) method deals with the high-dimensional
state spaces, which the joint particle filter fails to do. The
IMCMC method [28] requires a relatively small number
of samples by exchanging information about good states
between Markov Chains. Our method also employs the
IMCMC. However, we use samples to obtain the state
that minimizes the uncertainty of the target distribution,
whereas samples in other methods are used to obtain the
maximum of target distributions.

In tracking methods that adaptively update target
models, Various methods of model update are discussed
in [25]. Theses methods are used to avoid the drifting
problem in visual tracking. The BHMC tracker [39] up-
dates the target model by averaging the current target
model and the initial target model. The IVT tracker [40]
updates the target model by constructing new eigen-
basis with the sequential Karhunen-Loeve algorithm.
However these two methods do not have a mechanism
by which they can be less affected by occlusions and
background clutter during target model update. The L1
tracker [41] updates both the target model and trivial
models that deal with occluded parts of the target.
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The ASLA tracker [42] introduces subspace learning to
reduce the influence of an occluded target model dur-
ing update. The tracker focuses on the uncontaminated
parts of the target model by measuring errors caused
by occlusions and noises using the l1 regularized least
square technique. However, these two trackers do not
consider the confidence of the measured error. Com-
pared with the aforementioned methods, the proposed
method measures the errors of the target model and the
confidence of the measured error using the uncertainty
gap of likelihood.

3 NEW OBJECTIVE OF THE TRACKER

The proposed method finds the best state X̂t at
each time t, which maximizes the average bound
[pu(Yt|Xt) + pl(Yt|Xt)] while minimizing the gap be-
tween bounds, [pu(Yt|Xt)− pl(Yt|Xt)], as follows:

X̂t = arg
Xt

min
pu(Yt|Xt)− pl(Yt|Xt)

pu(Yt|Xt) + pl(Yt|Xt)
, (2)

where pl(Yt|Xt) and pu(Yt|Xt) denote the lower and
upper bounds of the likelihood, respectively. The best
state (MUG state) at time t is represented as a three-
dimensional vector X̂t = (X̂x

t , X̂
y
t , X̂

s
t ), where X̂x

t , X̂
y
t ,

and X̂s
t indicate the x, y position and the scale of the

target, respectively. Affine properties can be added to
the state to more accurately describe the target object.
In this case, the tracker requires a more number of
samples because adding affine properties increases state
dimension.

To obtain the MUG state, we need to estimate the
lower and upper bounds of the likelihood. First, we
define the likelihood as

p(Yt, θ|Xt) = e−λdist
(

θ,Yt(Xt)
)

, (3)

where Yt(Xt) denotes the observation at the state Xt,
dist

(

θ,Yt(Xt)
)

represents the dissimilarity measure be-
tween the target model θ and the observation Yt(Xt),
and λ is a weighting parameter. The observation and
the target model are modeled by using an HSV his-
togram. The dissimilarity measure is designed using the
Bhattacharyya similarity coefficient [17]. Our tracker can
incorporate any sophisticated target models if following
two criteria are satisfied. 1) The likelihood function
using the target model is differentiable. 2) The likelihood
function belongs to the exponential family. As previ-
ously mentioned, tracking failures are mainly caused
by noisy target models. Therefore, our method removes
the target model θ in (3) by marginalizing all target
models. Then the log marginal likelihood is defined by
∫

Θ
ln p(Yt, θ|Xt)dθ, where Θ denotes the whole target

model space. To approximate the integral numerically,
we obtain the mathematical lower (Jensen’s inequality)
and mathematical upper bounds (Gibbs’ inequality) of
the marginal likelihood based on [27].

ln pl(Yt|Xt, γ) =

∫

Θ

q(θ|γ,Xt) ln
p(Yt, θ|Xt)

q(θ|γ,Xt)
dθ, (4)

ln pu(Yt|Xt, γ) =

∫

Θ

p(θ|Yt,Xt) ln
p(Yt, θ|Xt)

q(θ|γ,Xt)
dθ, (5)

where q(θ|γ,Xt) is the prior distribution of the target
model θ and γ is the hyper parameter of the distribution.
The upper and lower bounds on the likelihood hold
regardless of the target model if the likelihood function
is differentiable. Given that θ is marginalized in (4)(5),
the lower and upper bounds of the likelihood are func-
tions of Xt and γ, which are a state and a parameter,
respectively. Please note that the lower bound of the
likelihood is mathematically determined by using the
hyper parameter γ instead of using the target model
θ, as shown in (4). To calculate the lower bound, we
average likelihoods calculated by using a large number
of (theoretically an infinite number of) target models in
(26). Hence the effect of few bad models vanishes by
other good target models and the lower bound can have
a non-zero value.

The goal of our method is to identify both the best
state and parameter, which reduce gap between the
likelihood bounds. Thus, our method comprises two
main parts as follows:
• MUG State inference (Section 4): Given the pa-

rameter γ estimated at time t − 1, our method finds
the MUG state X̂t at time t. This state produces the
minimum uncertainty gap. To achieve this goal, the
method searches for the states that maximize the average
bound by increasing the denominator in (2). Thus, the
method can obtain good quality of states with high
likelihood scores. This advantage is similar to that of the
MAP estimation. In addition, our method prevents the
best state with the minimum uncertainty gap from hav-
ing a low likelihood score. Our method simultaneously
searches states that minimize likelihood uncertainty by
decreasing the numerator in (2). Then, the method can
avoid outliers, which have a large uncertainty gap, even
though they have high likelihood scores. This advantage
cannot be achieved by the MAP estimation.
• Parameter learning (Section 5): Using the MUG

states, {X̂i}ti=1, our method learns the parameter γ for
time t+1. In our method, the parameter is not set empir-
ically but is rather obtained analytically to maximize the
lower bound in (4) and to minimize the upper bound
in (5). Moreover, the parameter is not constant but is
adaptively varied at each time t through the process in
Section 5.

4 MUG STATE INFERENCE

To find the best state that satisfies (2) with the fixed
parameters γl and γu obtain in Section 5, our method
uses IMCMC sampling [28]. In IMCMC sampling, two
Markov chains are designed, as illustrated in Figure
4(b). The first chain frequently accepts the state that
maximizes the average likelihood bound. The second
chain frequently accepts the state that minimizes the gap
between the bounds. The IMCMC sampling method con-
sists of two modes, parallel and interacting. In the par-
allel mode, our method serves as the parallel Metropolis
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Fig. 4: Efficient inference using the IMCMC sampling
method. (a) Conventional inference method uses a single chain
to find the best state from the combined target distribution.
Because this distribution is very rough, inferring the best state
is difficult. (b) Our inference method efficiently finds the best
state by decomposing the combined target distribution to two
simple ones and by using two chains for each distribution.

Hastings algorithm and separately obtains samples over
the two chains in two main steps: the proposal and
acceptance steps. In the proposal step, a new state is
proposed by the proposal density function.

Q(X
∗
t ;Xt) = G(Xt, σ

2
p), (6)

where Q denotes the proposal density function, G rep-
resents the Gaussian distribution with mean Xt and
variance σ2

p, and X
∗
t represents a new state at time t.

Given the proposed state, each chain determines whether
the state is accepted or not with the acceptance ratio in
the acceptance step:

a
p
1 = min

[

1,
[pu(Yt|X∗

t , γu) + pl(Yt|X∗
t , γl)]Q(Xt;X

∗
t )

[pu(Yt|Xt, γu) + pl(Yt|Xt, γl)]Q(X∗
t ;Xt)

]

,

a
p
2 = min

[

1,
[pu(Yt|Xt, γu)− pl(Yt|Xt, γl)]Q(Xt;X

∗
t )

[pu(Yt|X∗
t , γu)− pl(Yt|X∗

t , γl)]Q(X∗
t ;Xt)

]

,

(7)

where pl(Yt|X∗
t , γl) and pu(Yt|X∗

t , γu) denote the esti-
mated lower and upper bounds of the likelihood at the
state X

∗
t , respectively. These steps iteratively proceed

until the number of iterations reaches the predefined
value R.

When the method is in the interacting mode, the track-
ers communicate with others and make leaps to better
states of the target. Owing to the interaction mode, our
method can find the common state, which maximizes
the average likelihood bound and, at the same time,
minimizes the gap between bounds. A chain accepts the

state of Chain 1 as its own state with the probability ai1, if
the state of Chain 1 significantly maximizes the average
likelihood bound. Similarly, a chain accepts the state of
Chain 2 as its own state with the probability ai2, if the
state of Chain 2 significantly minimizes the gap between
bounds:

ai1 =
[pu(Yt|Xt, γu) + pl(Yt|Xt, γl)]−∆1

2pl(Yt|Xt, γl)−∆1 +∆2
,

ai2 =
∆2 − [pu(Yt|Xt, γu)− pl(Yt|Xt, γl)]

2pl(Yt|Xt, γl)−∆1 +∆2
,

∆1 = MAX

(

[

pu(Yt|X̂t−1) + pl(Yt|X̂t−1)
]

− 1

4
, 0

)

,

∆2 = MIN

(

[

pu(Yt|X̂t−1)− pl(Yt|X̂t−1)
]

+
1

4
, 1

)

.

(8)

In (8), [pu(Yt|Xt, γu) + pl(Yt|Xt, γl)] − ∆1 indicates
the increased quantity of the average likelihood
bound, and ∆2 − [pu(Yt|Xt, γu)− pl(Yt|Xt, γl)] repre-
sents the decreased quantity of the gap between bounds.
pl(Yt|X̂t−1) and pu(Yt|X̂t−1) are the lower and upper
bounds of the likelihood on the best state at the previous
frame with the best parameter, respectively. Our method
operates in the interacting mode with the probability β,
which linearly decreases from 1.0 to 0.0 as the simulation
goes on. Notably, the IMCMC method [28] typically con-

verges to the invariant distribution pu(Yt|Xt)−pl(Yt|Xt)
pu(Yt|Xt)+pl(Yt|Xt)

in
(2).

5 PARAMETER LEARNING

5.1 Learning γu for the Upper Bound

We learn the best parameter γu that minimizes the upper
bound in (5):

γu = arg
γ

min ln pu(Yt|Xt, γ). (9)

Then, γu also minimizes the KL divergence D(p ‖ q)
because ln pu(Yt|Xt, γ) = D(p ‖ q) + ln p(Yt|Xt), where

D(p ‖ q) =

∫

Θ

p(θ|Yt,Xt) ln
p(θ|Yt,Xt)

q(θ|γ,Xt)
dθ. (10)

The parameter γu that minimizes D(p ‖ q) satisfies the
following equality, Eq(θ|γu,Xt) [v(θ)] = Ep(θ|Yt,Xt) [v(θ)],
as proven in Section 5.1.1. We can easily find γu that
satisfies the aforementioned equality using the Moment
Matching (MM) method in [43], that is the first and
second moments of θ under the distribution q(θ|γu,Xt)
are equal to those under the distribution p(θ|Yt,Xt).
This MM method is described in detail in Sections 5.1.2
and 5.1.3. In (10), the prior q(θ|γ,Xt) is designed as

q(θ|γ,Xt) = q(θ|µ, σ,Xt) =
1√
2πσ

e
−
(

θ−µ√
2σ

)2

, (11)

so the parameter γu = (µu, σu) is obtained for each bin
in the HSV histogram. The prior in (11) can be used as
long as the likelihood function belongs to the exponential
family.
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Given γu, the global minimum of the upper bound of
the likelihood at the state Xt in (5) is estimated on the
basis of [27]:

ln pu(Yt|Xt, γu) ≈
1

Z

t−1
∑

i=t−Z

ln
p(θ̂i,Yt|Xt)

q(θ̂i|γu,Xt)
, (12)

where the integration in (5) is approximately obtained
using the Z samples of θ, {θ̂i}Zi=1, where θ̂i indicates
the observation around the MUG state at the i-th recent
frame.

5.1.1 Proof

To minimize the KL divergence in (10), q(θ|γ,Xt) is
assumed to be exponential and D(p ‖ q) is a linear
functional of q(θ|γ,Xt). Then, ln q(θ|γ,Xt) is convex with
respect to γ. Hence, the global minimum of the KL
divergence can be found. As aforementioned, we design
q(θ|γ,Xt) as the exponential family of distributions with
the following form:

q(θ|γ,Xt) = g(γ)h(θ)exp(γT v(θ)), (13)

where h(θ) and v(θ) are functions from the space of
possible values of θ to the real numbers and g(γ) is a
normalization factor:

g(γ)

∫

Θ

h(θ)exp(γT v(θ))dθ = 1. (14)

By taking the gradient of both sides with respect to γ,
the following can be taken:

∇g(γ)

∫

Θ

h(θ)exp(γT v(θ))dθ

+

∫

Θ

g(γ)h(θ)exp(γT v(θ))v(θ)dθ = 0,

(15)

Since g(γ)h(θ)exp(γT v(θ)) = q(θ|γ,Xt) from (13) and
∫

Θ
h(θ)exp(γT v(θ))dθ = 1

g(γ) from (14), (15) is changed
into

−∇ ln g(γ) = Eq(θ|γ,Xt) [v(θ)] . (16)

By substituting q(θ|γ,Xt) in (13) into the KL divergence
in (5), we get

D(p ‖ q) = − ln g(γ)− γT
Ep(θ|Y1:t,Xt) [v(θ)]+ const. (17)

To minimize KL divergence in (17), the gradient of D(p ‖
q) is taken with respect to γ to zero. And we get

−∇ ln g(γ) = Ep(θ|Y1:t,Xt) [v(θ)] . (18)

Since −∇ ln g(γ) in (16) is equal to −∇ ln g(γ) in (18), we
finally get

Eq(θ|γ,Xt) [v(θ)] = Ep(θ|Y1:t,Xt) [v(θ)] . (19)

5.1.2 1st Moment Matching

Given that the first moments of θ under q(θ|γu,Xt) and
under p(θ|Yt,Xt) ≈ p(Yt, θ|Xt) in (3) are µu and

∫

Θ
θp(θ|Yt,Xt)dθ, respectively, the following can be taken:

µu =

∫

Θ

θp(θ|Yt,Xt)dθ. (20)

In (20), the integration over θ is approximated using the
Z samples of θ, {θ̂i}Zi=1, where θ̂i is designed as Yi(X̂i),
which indicates the observation around the MUG state
at the i-th recent frame. By substituting Xt = X̂t and
p(θ|Yt,Xt) ≈ p(Yt, θ|Xt) in (3) into (20), we obtain µu =
∫

Θ
θp(θ|Yt,Xt)dθ ≈ 1

Z

∑t−1
i=t−Z θ̂iexp

−λdist
(

θ̂i,Yt(X̂t)
)

.

5.1.3 2nd Moment Matching

Given that the second moments of θ under q(θ|γu,Xt)

and p(θ|Yt,Xt) are σu and
∫

Θ

(

θ − µu

)2
p(θ|Yt,Xt)dθ,

respectively, the following can be taken:

σu =

∫

Θ

(

θ − µu

)2
p(θ|Yt,Xt)dθ, (21)

where
∫

Θ

(

θ − µu

)2
p(θ|Yt,Xt)dθ ≈ 1

Z

∑t−1
i=t−Z

(

θ̂i−µu

)2

e−λdist
(

θ̂i,Yt(X̂t)
)

.

5.2 Learning γl for the Lower Bound

We learn the best parameter γl that maximizes the lower
bound in (4):

γl = arg
γ

max ln pl(Yt|Xt, γ). (22)

For this purpose, we find γ that makes the gradient of
ln pl(Yt|Xt, γ) zero:

d

dγ
ln pl(Yt|Xt, γ) = −

∫

Θ

h(θ|γ,Xt)q(θ|γ,Xt)dθ = 0,

(23)

where

h(θ|γ,Xt) = h(θ|µ, σ,Xt) =
[

1 + ln
q(θ|µ, σ,Xt)

p(Yt, θ|Xt)

] [

∂
∂µ

q(θ|µ, σ,Xt)
∂
∂σ

q(θ|µ, σ,Xt)

]

=

[

λdist
(

θ,Yt(Xt)
)

−
(

θ − µ√
2σ

)2

− log
√
2πσ2 + 1

]

×

1√
2πσ

exp
−
(

θ−µ√
2σ

)2
[

1
σ2 (θ − µ)

− 1
2σ2 + (θ−µ)2

2σ2

]

.

(24)

To find the parameter γl = (µl, σl) that satisfies (23),
the quasi-optimized lower bound is estimated using
Stochastic Approximation Monte Carlo (SAMC) in [44]
to define the recursive approximation of the solution of
d
dγ

ln pl(Yt|Xt, γ) = 0. Then, SAMC iteratively updates a
sequence of values via the recursion:

γ(n+1) = γ(n) + s(n+1)ω(γ(n)),

ω(γ(n)) = −
∫

Θ

h(θ|γ(n),Xt)dθ,
(25)
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where
∫

Θ
h(θ|γ(n),Xt)dθ ≈ 1

Z

∑t−1
i=t−Z h(θ̂i|γ(n), X̂t).

γ(n+1) denotes approximation of the γ value at
the (n+1)-th iteration, whereas s(n+1) indicates the
modification factor at the (n+1)-th iteration, which
linearly decreases from 0.5 to 0.1 over time. After
predefined iterations N , we obtain γ(N) = γl = (µl, σl).

Given γl, the final estimate of the lower bound at the
state Xt in (4) is estimated on the basis of [27]:

ln pl(Yt|Xt, γl) ≈
1

Z

t−1
∑

i=t−Z

ln
p(θ̂i,Yt|Xt)

q(θ̂i|γl,Xt)
. (26)

6 ADAPTIVE MODEL UPDATE

We extend our method to update the target model
adaptively using the uncertainty gap of the likelihood. In
our previous work [29], a new target model at time t+1,
θt+1, is constructed by obtaining the weighted linear sum
of the reference target model θref and the current target
model θ̂t. θ

ref is established by the HSV histogram of the
image patch which is described by the initial bounding
box. θ̂t is established by the HSV histogram of the image
patch which is described by the MUG state at time t, X̂t.
We thus obtain the weighted linear sum of each bin of
two HSV histograms:

θt+1 = (1− α)θref + αθ̂t. (27)

In (27), if we assign a large weight to the current target
model, the tracker focuses on the current appearance of
the target during the updating process and can handle
severe appearance changes in the target. If we assign a
large weight to the reference target model, the tracker
focuses on the initial target appearance, which prevents
the tracker from drifting into the background. To take
both advantages of using the reference and current target
models, we set α in (27) to 0.5. However, in this case, a
new target model can be erroneous if the current target
model is contaminated by occlusions and background
clutter.

To avoid the aforementioned problem, α in (27) should
be changed according to how well the current target
model describes the target appearance. Thus, we design
α according to the likelihood when the current target
model is employed:

α = p(Yt|Xt) = e−λdist
(

θ̂t,Yt(Xt)
)

, (28)

where the likelihood p(Yt|Xt) is defined in (3). In (28),
we set α to a large value if the current target model
provides a high likelihood score. However, this approach
is also problematic because α highly depends on the like-
lihood score. If a current scene includes severe occlusions
and background clutter, we can not confidently measure
the likelihood score.

To solve this problem, the confidence of the likelihood
score should be considered and α should be set as:

α = e
−

pu(Yt|Xt)−pl(Yt|Xt)

pu(Yt|Xt)+pl(Yt|Xt) , (29)

Algorithm 1 Minimum Uncertainty Gap tracker with
adaptive model update

Input: Xt−1 = (Xx
t−1,X

y
t−1,X

s
t−1), α = 1

Output: X̂t = (X̂x
t , X̂

y
t , X̂

s
t )

1: for 1 to R do
2: R is the total number of samples.
3: Choose mode. Sample ρ ∼ U [0, 1].
4: if ρ < β then
5: Interacting mode:
6: Two chains replace their states with that of the

other with the probability ai1 and ai2 in (8),
respectively.

7: else
8: Parallel mode:
9: Two chains propose states using Q in (6) and

accepts the states with the probability a
p
1 and a

p
2

in (7), respectively.
10: end if
11: Decrease the β value.
12: end for
13: Estimate the MUG state X̂t using (2).
14: Determine γu using (20)(21) and γl using (25).
15: Update the target model using (27)(29).

where pl(Yt|Xt) and pu(Yt|Xt) denote the lower and
upper bounds of the likelihood, respectively. In (29),
we set α to a large value if the average likelihood
score [pu(Yt|Xt) + pl(Yt|Xt)] and the confidence of the
likelihood score 1

[pu(Yt|Xt)−pl(Yt|Xt)]
are maximized.

Algorithm 1 illustrates the whole process of our
method. At time t, outputs of our tracking system are
the MUG state X̂t inferred by (2) and the updated target
model θt+1 computed by (27)(29). The lower and upper
bounds of likelihood are intermediate outputs during the
MUG state inference process.

7 EXPERIMENTAL RESULTS

For the experiments, we tested 13 publicly avail-
able video sequences: tiger1 [30]; david [40]; face and
woman [45]; shaking, soccer, and skating1 [28]; diving and
high-jump [46]; skater [47]; bird1 and bird2 [19]; and lem-
ming [48]. Using the sequences, the proposed methods
(MUG and MUG+) were analyzed and compared with 8
state-of-the-art tracking methods: MC [37], [17], IVT [40],
MIL [30], VTS [28], MTT [21], TLD [6], STRUCK [4],
and ASLA [42]. MUG+ is the extended version of MUG,
which also includes the adaptive model update process.
In all experiments, λ in (3) is set to 5. Z in (12) and
(26) is set to 15. σp in (6) is set to σx

p =
√
4, σy

p =
√
2,

and σs
p =

√
0.01, where σx

p , σ
y
p , and σs

p denote the
variance of the x translation, y translation and the scale,
respectively. Please note that our method always uses the
same settings throughout all experiments and that the
parameters of other methods were adjusted to show the
best tracking performance. The same initializations were
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Fig. 5: Tracking environments when the gaps between the
likelihood bounds are maximized in the soccer sequence.

set for all methods for fair comparison. For the sampling-
based methods, the same number of samples, 800, was
used to track the target. To obtain the tracking results of
IVT, MIL, FRAGT, VTS, MTT, TLD, STRUCK and ASLA,
we used the software provided by the authors. The result
videos can be downloaded from http://www.vision.ee.
ethz.ch/kwonj/MUGATU.zip.

7.1 Analysis of the Proposed Method

Our method consists of several components, which are
the lower and upper bounds of the likelihood, IMCMC,
and adaptive model update. To determine which com-
ponent makes our method successful, we analyzed the
proposed method in a component-wise manner.
Lower and Upper Bounds of the Likelihood: The track-
ing environments are examined when the gaps between
the likelihood bounds are maximized. As illustrated
in Figure 5, the gaps between the likelihood bounds
were maximized in the presence of severe occlusions,
pose variations, or illumination changes. These changes
caused the target appearance to become noisy. As a result
of the noisy appearance, the estimated likelihood became
very uncertain. This likelihood uncertainty produced a
large gap between the lower and upper bounds of the
likelihood in our method. In other words, the likeli-
hood cannot be uniquely determined, especially when
the tracking environments include the aforementioned
appearance changes. Therefore, our method considers
the likelihood uncertainty to track the target robustly in
real-world situations.

The states of the target that produce the maximum
lower bound or the minimum upper bound of the
likelihood are also verified. In (20) and (21), the target
model for the minimum upper bound is constructed by
averaging the target appearance in the recent frames.
Thus, the model can efficiently track the target with
smooth appearance changes over time. The state that
produces the minimum upper bound is the best state
when the smooth changes in the target appearance are
assumed, as shown in Figures 6(a) and (c). In (23) and
(24), the target model for the maximum lower bound
is heavily updated if the current observation is vastly
different from the model. Thus, the model can robustly
track the target with abrupt changes in appearance at
a certain time. The state that produces the maximum
lower bound is the best state when abrupt changes in

(a) high-jump (b) shaking

(c) david (d) skater

Fig. 6: States of the target, which produce the maximum lower
bound (blue rectangle) and the minimum upper bound (red
rectangle) of the likelihood at a frame.

TABLE 1: Comparison of tracking methods using MAP. ML,
and MUG. The numbers indicate the average center location
errors in pixels. The improvement score is calculated by divid-
ing the tracking error of ML3 by that of MUG.

tiger1 david face shaking bird1 bird2 lemming

MAP 39 50 20 19 199 45 11
ML1 99 49 14 29 208 47 12
ML2 52 76 17 30 201 51 16
ML3 78 43 16 55 210 42 11
MUG 25 21 15 25 13 11 16
Score 3.1 2.0 1.0 2.2 16 3.8 0.7

woman soccer skating1 diving high-jump skater Total

MAP 127 51 115 26 70 30 61.6
ML1 137 56 110 43 65 47 70.4
ML2 138 61 107 46 71 51 70.5
ML3 101 49 150 27 71 37 68.4
MUG 14 32 17 14 30 17 19.2
Score 7.2 1.5 8.8 1.9 2.3 2.2 3.5

the target appearance are assumed, as shown in Figures
6(b) and (d). Therefore, the state that reduces the gap
between two bounds is the best state for both smooth
and abrupt changes in target appearance.

Performance on MUG: To evaluate the performance
of MUG, we used the same likelihood function that
employs the Bhattacharyya coefficient as the similarity
measure and the HSV color histogram as the feature.
The only difference is how to the best state is deter-
mined. The best state estimated by MAP maximizes the
posterior probability. The best states estimated by ML1,
ML2, and ML3 maximize the lower likelihood bound,
upper likelihood bound, and average likelihood bound,
respectively. The best state obtained by MUG is that
which maximizes the average likelihood bound while
minimizing the gaps between two bounds. As shown
in Table 1, the best state obtained by MUG yields the
most accurate tracking results. These results demonstrate
that the state that produces the maximum likelihood
score and the maximum posterior probability does not
always correspond to the true target state in real-world
settings. Additionally, the results shows the tracking
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TABLE 2: Comparison of tracking methods using MCMC and
IMCMC. The numbers indicate the average center location er-
rors in pixels. The improvement score is calculated by dividing
the tracking error of MCMC by that of IMCMC.

tiger1 david face shaking bird1 bird2 lemming

MCMC 30 33 19 25 24 31 52
IMCMC 25 21 15 25 13 11 16

Score 1.2 1.5 1.2 1.0 1.8 2.8 3.3

woman soccer skating1 diving high-jump skater Total

MCMC 40 47 89 32 65 51 41.3
IMCMC 14 32 17 14 30 17 19.2

Score 2.9 1.5 5.2 2.3 2.2 3.0 2.1

method should consider the uncertainty of the estimated
likelihood by measuring the gaps between the likelihood
bounds similar to our method.

Performance on IMCMC: To evaluate the performance
of IMCMC, the same MUG strategy is used to determine
the best state. The only difference lies in the procedure
used to identify the best state. The best state in MCMC
is found by using a single chain, which finds the state
that maximizes the average bound while minimizing the
gap between two bounds. The best state in IMCMC is
obtained by employing two chains, one of which only
searches for the state that maximizes the average bound
while the other only searches for the state that minimizes
the gap between two bounds. The two chains then
exchange information about good states. As indicated
in Table 2, the use of two chains results in improved
tracking performance because tracking methods that use
a single chain become trapped in local optima more
frequently as the target distribution becomes complex.
The target distribution is complex because the two
different types of likelihood distribution are mixed in
a single distribution. Our method divides a complex
distribution into two simple ones using IMCMC, where
two distributions describe the average bound and the
gap between two bounds.

Performance on Adaptive Model Update: To evaluate
the performance of the adaptive model update, we tested
three different approaches (Normal, Adaptive 1, and
Adaptive 2) that update the target model. As shown in
Figure 7, Adaptive 1 and 2 reflected current observations
to update the target model by increasing the α values
when current observations were uncontaminated by oc-
clusions and background clutters. However, Adaptive 1
and 2 decreased the α values and caused them to be close
to zero when current observations were under severe
occlusions and illumination changes. Compared with
Adaptive 1, Adaptive 2 more accurately measured the
goodness of the current observation and more adaptively
updated the target model. However, Normal always
used the fixed α value and updated the target model
heavily depending on the current observation even when
the observation included noises and errors.

In Table 3, we quantitatively compared three different
model updating strategies. Table 3 shows that Adap-

Bird1 sequence

Skating1 sequence

Bad model
(occlusion)

Bad model
(occlusion)

Good model

Good model

Bad model
(illumination 

change)

Bad model
(occlusion)

Fig. 7: Weighting parameter α for the model update pre-
sented in (27). The red line illustrates α over time with the
normal model update approach (Normal). The blue and sky
blue curves illustrate α overtime with adaptive model update
approaches (Adaptive 1 and 2). To update the target model,
Normal uses a current observation with the fixed weight 0.5

Adaptive 1 in (28) uses a current observation with the adaptive
weight according to its likelihood score. Adaptive 2 in (29)
uses a current observation with the adaptive weight according
to its likelihood score and the confidence of the likelihood
estimation.

TABLE 3: Comparison of tracking methods using normal
model update (Fixed) and adaptive model update (Adaptive 1
and 2). The numbers indicate the average center location errors
in pixels. The improvement score is calculated by dividing the
tracking error of Fixed by that of Adaptive 2.

tiger1 david face shaking bird1 bird2 lemming

Fixed 25 21 15 25 13 11 16
Adaptive 1 21 10 11 9 15 10 15
Adaptive 2 10 8 5 6 9 9 10

Score 2.5 2.6 3.0 4.1 1.4 1.2 1.6

woman soccer skating1 diving high-jump skater Total

Fixed 14 32 17 14 30 17 19.2
Adaptive 1 15 20 15 13 29 10 14.8
Adaptive 2 7 10 8 11 15 8 8.9

Score 2.0 3.2 2.1 1.2 2.0 2.1 2.1

tive 2 is the best approach for target model update in
terms of tracking error. Adaptive 2 reduced the tracking
errors by half when compared with Normal. Adaptive
1 also produced smaller tracking errors than Normal
but produced larger errors than Adaptive 2. Although
the current observation includes noises, the likelihood
can still have a large value because of the error in
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TABLE 5: Comparison of tracking results. The numbers indicate the average center location errors in pixels. Red is the best
result, whereas blue is the second-best. Other numbers in (,) indicate the percentage of successfully tracked frames and average
Intersection Of Union (IOU), where IOU between predicted bounding box Ap and ground truth bounding box Ag is calculated

by
area(Ap

⋂

Ag)

area(Ap
⋃

Ag)
. Tracking is considered successful when IOU is greater than 0.5 at each frame. Because TLD did not produce

tracking results for some frames, we calculated the average center location errors when TLD produced the results for more than
10% of all frames.

MC IVT MIL VTS MTT TLD STRUCK ASLA MUG MUG+

tiger1 27(34,0.80) 65(30,0.85) 15(65,0.91) 6(80,0.92) 28(34,0.89) 6(81,0.90) 6(80,0.95) 45(27,0.95) 25(50,0.93) 10(75,0.95)
david 49(17,0.60) 4(98,0.67) 23(29,0.63) 7(55,0.66) 7(70,0.66) 5(98,0.66) 14(68,0.66) 9(90,0.71) 21(33,0.67) 8(91,0.71)
face 19(81,0.68) 20(81,0.68) 27(70,0.66) 8(96,0.83) 41(69,0.68) 13(87,0.69) 7(98,0.86) 43(69,0.64) 15(80,0.75) 5(99,0.89)

shaking 97(23,0.48) 95(22,0.47) 38(82,0.55) 5(98,0.74) 9(87,0.61) 5(98,0.12) 36(85,0.28) 22(86,0.45) 25(20,0.46) 6(96,0.74)
bird1 215(16,0.12) 230(13,0.15) 270(11,0.21) 119(13,0.03) 265(12,0.20) N/A 156(10,0.18) 163(9,0.12) 13(43,0.43) 9(91,0.65)
bird2 40(18,0.30) 115(11,0.29) 13(81,0.66) 81(23,0.16) 76(21,0.25) 32(59,0.34) 126(10,0.09) 153(7,0.07) 11(86,0.67) 9(89,0.79)

lemming 12(85,0.67) 14(79,0.60) 14(51,0.45) 70(45,0.36) 90(25,0.37) 25(49,0.58) 39(48,0.49) 180(11,0.12) 16(71,0.53) 10(95,0.68)
woman 138(11,0.05) 133(11,0.05) 120(15,0.07) 111(19,0.06) 120(15,0.05) 133(11,0.21) 2(99,0.30) 33(55,0.26) 14(62,0.25) 7(92,0.33)
soccer 53(15,0.12) 116(9,0.08) 41(17,0.21) 15(35,0.37) 17(34,0.37) N/A 53(15,0.24) 125(7,0.10) 32(20,0.24) 10(81,0.64)

skating1 172(14,0.30) 213(11,0.27) 85(31,0.33) 8(93,0.68) 150(20,0.30) 25(35,0.32) 62(32,0.46) 61(32,0.45) 17(40,0.45) 8(93,0.67)
diving 27(24,0.20) 79(20,0.20) 73(20,0.21) 80(20,0.18) 98(19,0.19) 78(17,0.14) 19(19,0.33) 85(20,0.17) 14(24,0.34) 11(48,0.39)

high-jump 73(15,0.11) 79(15,0.10) 91(15,0.11) 143(14,0.04) 94(15,0.13) 114(9,0.05) 36(14,0.26) 102(9,0.05) 30(17,0.27) 15(40,0.30)
skater 28(47,0.45) 86(41,0.44) 85(41,0.47) 25(66,0.53) 25(66,0.59) 40(50,0.21) 18(74,0.60) 23(69,0.55) 17(76,0.54) 8(97,0.67)

Average 73(30,0.37) 95(33,0.37) 68(40,0.42) 52(50,0.42) 78(37,0.40) 43(54,0.38) 44(50,0.43) 80(37,0.35) 19(47,0.50) 8(83,0.64)
Speed(fps) 7 6 17 0.4 0.1 18 17 2 3 3

TABLE 4: Analysis of our tracker in summary. Tracker 1:
Baseline tracker that uses standard MCMC. Tracker 2: Improv-
ing Tracker 1 with likelihood bounds. Tracker 3: Improving
Tracker 2 with IMCMC. Tracker 4: Improving Tracker 3 with
the adaptive model update. The numbers indicate the average
center location errors in pixels. The improvement score is
calculated by dividing the tracking error of Tracker 1 by that
of Tracker 4.

tiger1 david face shaking bird1 bird2 lemming

Tracker 1 32 41 19 98 215 40 85
Tracker 2 30 33 19 25 24 31 52
Tracker 3 25 21 15 25 13 11 16
Tracker 4 10 8 5 6 9 9 10

Score 3.2 5.1 3.8 16 23.8 4.4 8.5

woman soccer skating1 diving high-jump skater Total

Tracker 1 138 53 172 27 73 28 78.5
Tracker 2 40 47 89 32 65 51 41.3
Tracker 3 14 32 17 14 30 17 19.2
Tracker 4 7 10 8 11 15 8 8.9

Score 19 5.3 21 2.4 4.8 3.5 8.8

the likelihood estimation. By considering the likelihood
score and its estimation confidence, Adaptive 2 found
clean observations that exclude the background and
updated the target model with good observations. Hence
Adaptive 2 prevented the tracker from drifting into
the background and thus significantly reduces tracking
errors.

Summary: Table 4 indicates which component causes
our method to be successful. Among the three com-
ponents, namely, likelihood bounds, IMCMC, and the
adaptive model update, likelihood bounds most signif-
icantly increased the tracking accuracy of our method.
Because the likelihood score includes an estimation error,
likelihood bounds should be used to find the best state
in visual tracking. The second most important com-
ponent of our method is IMCMC because compared
with MCMC, IMCMC efficiently finds the best state,

which maximizes the likelihood while minimizing the
uncertainty gap of the likelihood. The last component
of our method, the adaptive model update, helps the
tracker localize the bounding box of the target more
accurately.

7.2 Comparison with other Tracking methods

To demonstrate the robustness of the proposed method,
we chose the state-of-the-art tracking methods according
to [49] and compared them with our two trackers, MUG
and MUG+.
Quantitative Comparison: As summarized in Table 5,
our method most accurately tracked the targets in terms
of center location error and success rate despite the
presence of several types of appearance changes, such as
deformation in diving, high-jump, and skater; illumination
changes in shaking and skating1; occlusions in tiger1, face,
bird1, woman, and soccer; and motion blur in bird2. VTS,
TLD, STRUCK, and ASLA showed the second-best track-
ing performance. However these conventional tracking
methods frequently failed to track the target in many
test videos. Although the tracking methods found the
best states that produced the highest likelihood score or
posterior probability, the best states did not correspond
to the real target states because the likelihood score or
posterior probability was wrongly estimated in some
cases. By contrast, our method considered the estimation
error of the likelihood score and found the best states
that are closer to the real target states. Although MUG
showed good tracking performance in many sequences,
the tracking results in tiger1, face, david, and shaking
sequences were worse than those of other state-of-the-
art-methods. However, MUG+ improved tracking accu-
racy especially in these sequences and outperformed the
state-of-the-art-methods and MUG.

In this study, we deliberately used the basic target
model to investigate power of our MUG estimator in
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Lower & Upper Bounds of the Likelihood Gap between Lower & Upper Bounds

Frame Frame

(a) bird1 sequence

Lower & Upper Bounds of the Likelihood

Gap between Lower & Upper Bounds

Frame Frame

(b) bird2 sequence

Time

Gap between Lower & Upper Bounds

Time

Lower & Upper Bounds of the Likelihood

Gap between Lower & Upper Bounds

FrameFrame

(c) soccer sequence

Lower & Upper Bounds of the Likelihood

Gap between Lower & Upper Bounds

FrameFrame

(d) skating1 sequence

Fig. 8: Tracking Result 1. Yellow, blue, white, purple, green and red rectangles represent tracking results of MUG, MTT, VTS,
MIL, FRAGT, and MC, respectively. Yellow and red curves represent the lower and upper bounds of the likelihood over time
in MUG, respectively. Green curve represents gap between the bounds over time in MUG.

visual tracking. By using the MUG estimator, we demon-
strated our tracker can produce improved tracking re-
sults even with a simple target model. In experiments,
our tracker produced more accurate tracking results
than other state-of-the-art methods using sophisticated
target models. Notably, performance of the tracker can
be further enhanced if more sophisticated target models
are employed.

The MUG framework requires MCMC sampling to
calculate (12)(26) and to infer the MUG state in Section
4. In the framework, the likelihood function should
be differentiable and belong to the exponential family.
We can easily improve conventional trackers to more
robust trackers when the aforementioned conditions are
satisfied.

Qualitative Comparison: Figures 8 and 9 demonstrate
how our method outperforms the state-of-the-art meth-

ods in several challenging sequences. In Figures 8(a)-
(e), tracking performance was tested under severe oc-
clusions and background clutter using the bird1, bird2,
soccer, skating1, and lemming sequences. Although theses
sequences contained several types of target appearance
changes simultaneously, our method robustly tracked
the target over time, whereas other tracking methods
frequently missed the target. The tracking results of
MTT and VTS drifted into the background when the
aforementioned changes transformed target appearances
into different ones. Our method overcame this problem
and successfully tracked the target by evaluating the
best target state with the likelihood and its bounds. In
Figures 8(a)-(d), the graphs of the gap between lower
and upper likelihood bounds show that the likelihood
has a non-zero gap even on the best states. Thus, the
graphs demonstrate that tracking methods should con-
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Lower & Upper Bounds of the Likelihood Gap between Lower & Upper Bounds

FrameFrame

(a) high-jump sequence

Gap between Lower & Upper Bounds

FrameFrame

Lower & Upper Bounds of the Likelihood

(b) diving sequence

Lower & Upper Bounds of the Likelihood Frame Frame

Gap between Lower & Upper Bounds

(c) skater sequence

Lower & Upper Bounds of the Likelihood

Gap between Lower & Upper Bounds

FrameFrame

(d) woman sequence

Fig. 9: Tracking Result 2. Yellow, white, purple, green, and orange rectangles represent tracking results of MUG, VTS, MIL,
STRUCK, and ASLA, respectively. Yellow and red curves represent lower and upper bounds of the likelihood over time in
MUG, respectively. Green curve represents gap between the bounds over time in MUG.

sider uncertainty gap of the likelihood in identifying the
best state.

In Figures 9(a)-(d), our method hardly missed the
targets in the high-jump, diving, skater, and woman se-
quences, although theses sequences include targets that
exhibit the severe changes in geometric appearance.
However, MIL, STRUCK, and ASLA frequently failed
to track the severely deformed target. Our method was
more efficient than VTS in terms of the computational
cost because it measured the likelihood only twice to
evaluate the state, which are lower and upper likelihood
bounds. By contrast, VTS measured the likelihood eight
times to evaluate the state because VTS runs eight track-
ers in parallel.

In Figure 10, we qualitatively compared our two meth-
ods, MUG and MUG+. Although MUG showed good
tracking performance in many sequences, the bounding
box of MUG was less accurate than that of MUG+

because the target model of MUG included background
noises, which were caused by non-adaptive model up-
date. Meanwhile, MUG+ efficiently localized the bound-
ing box. For example, MUG+ accurately captured the
scale changes of the target after occlusions in the soccer,
skating1, woman, and lemming sequences. MUG+ accu-
rately found the positions of the target after severe pose
variations in the skater, david, and shaking sequences.

8 CONCLUSION AND DISCUSSION

In this study, we propose a novel tracking framework
that tracks the target robustly by finding the best state
of the target. This state minimizes the gap between the
lower and upper bounds of the likelihood. Obtaining the
likelihood bounds is the same as considering all possible
target models during the tracking process. Therefore, our
method finds the good state by reflecting all possible ap-
pearance changes of the target. The experimental results
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(a) tiger1 sequence (b) skater sequence

(c) face sequence (d) david sequence

(e) skating1 sequence (f) shaking sequence

(g) high-jump sequence (h) soccer sequence

(i) woman sequence (j) lemming sequence

(k) bird1 sequence (l) bird2 sequence

Fig. 10: Tracking Result 3. Yellow and sky blue rectangles represent tracking results of MUG and MUG+, respectively.

(a) (b) (c)

Fig. 11: Failure cases of the proposed method. The red and
sky blue rectangles denote the ground truth and the tracking
results of MUG+, respectively. The bird sequence was used in
[13], which includes several objects of which appearances are
similar to that of the target.

demonstrate that our method outperforms the conven-
tional tracking methods using MAP and ML estimation.
The method also shows better tracking performances
than those of the state-of-the-art tracking methods when
illumination, occlusions, and deformation are present.

Figure 11 shows the failed cases of the proposed
method, MUG+. Our method calculates the likelihood
estimation error by measuring the gap between likeli-
hood bounds and uses this gap for robust visual track-
ing. However, the method still has difficulty in distin-
guishing the target from the objects that have similar
appearances and fails to track the target under the afore-

mentioned tracking environment, as shown in Figures
11(a) and (b). Our tracking failed mainly because the
method follows a generative tracking approach and only
considers the foreground information of the target in
calculating the likelihood score. Hence, we can improve
the tracking performance by using both the foreground
and background information of the target when the
likelihood is estimated.
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