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The pixel labeling problems in computer vision are often formulated as energy minimization tasks. Algo-
rithms such as graph cuts and belief propagation are prominent; however, they are only applicable for
specific energy forms. For general optimization, Markov Chain Monte Carlo (MCMC) based simulated
annealing can estimate the minima states very slowly.

This paper presents a sampling paradigm for faster optimization. First, in contrast to previous MCMCs,
the role of detailed balance constraint is eliminated. The reversible Markov chain jumps are essential for
sampling an arbitrary posterior distribution, but they are not essential for optimization tasks. This allows
a computationally simple window cluster sample. Second, the proposal states are generated from com-
bined sets of local minima which achieve a substantial increase in speed compared to uniformly labeled
cluster proposals. Third, under the coarse-to-fine strategy, the maximum window size variable is incor-
porated along with the temperature variable during simulated annealing. The proposed window anneal-
ing is experimentally shown to be many times faster and capable of finding lower energy compared to the
previous Gibbs and Swendsen-Wang cut (SW-cut) sampler. In addition, the proposed method is com-
pared with other deterministic algorithms like graph cut, belief propagation, and spectral method in their
own specific energy forms. Window annealing displays competitive performance in all domains.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

Pixel-wise labeling problems are important in computer vision.
Useful information obtained from images is often best represented
as pixel-wise labels for low-level vision problems such as stereo
and segmentation. Pixel labeling problems are naturally expressed
in terms of energy minimization tasks. However, nonconvex func-
tions and the large dimension of the solution space allow only esti-
mations of global minima. The energy functions in certain forms
can be solved exactly. For general optimization problems,
researchers typically rely on sampling-based simulated annealing.

However, there have been significant advancements in deter-
ministic optimization algorithms. Energy minimization in a pair-
wise Markov random field (MRF) model has gained much
interest after the introduction of a-expansion and belief propaga-
tion methods for discontinuity-preserving models [7,24,6,37]. The
a-expansion guarantees the lowest energy by expanding the a la-
bel, while the message-passing scheme of tree graphs is employed
for loopy graphs. The tree-reweighted belief propagation has im-
proved the belief propagation by maximizing the low-bound dual-
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ity of the energy function [40,21]. Likewise, quadratic pseudo-
Boolean optimization (QPBO) and fusion move have been intro-
duced to combine two solutions instead of the uniform a label
[32,26].

The successes of belief propagation and graph cut over pairwise
MRFs have been translated into high-order MRF problems. The
minimization of second-order MRF is possible with QPBO algo-
rithm [42]. Moreover, a special case of high-order clique Potts
model has been shown to be solvable using graph cut [20]. High-
order clique problems are also addressed with message-passing
algorithms by adding a factor node for each higher than pairwise
clique potentials [25,31]. Above high-order clique MRF optimiza-
tion algorithms essentially rely on pairwise algorithms after clique
reductions. Clique reduction problems are deemed non-trivial as
well, and numerous high-order clique to pairwise clique transfor-
mation algorithms have been proposed [14,1]. The deterministic
algorithms are computationally efficient, but they are confined to
pairwise energy functions.

Aside from deterministic methods, MCMC simulated annealing
is one of the first methods introduced for MRF energy minimiza-
tion. Gibbs sampler, data-driven MCMC (DDMCMC), window
Gibbs, and SW-cut have been proven to be effective sampling tech-
niques for image denoising, segmentation, and stereo [9,39,3,18].
MCMC annealing method has been implemented efficiently for
high-order energy functions in texture synthesis [43]. The draw-
back of simulated annealing, however, is the long convergence
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time compared with that of graph cut and belief propagation. In
this paper, we present Markov chain design paradigms specific
for optimization tasks.

First, the clustering methods should be as computationally sim-
ple as possible. Previous SW-cut and DDMCMC Markov chains are
based on the Metropolis-Hasting framework. Metropolis-Hasting
chains are necessary for maintaining detailed balance and assuring
convergence to the target posterior distribution. However, in opti-
mization, we try to find a single minimum energy state, and con-
vergence of stationary distribution and detailed balance
constraints are not necessary. By disregarding the detailed balance
constraint in Markov chain design, a simpler and faster window
clustering can be employed during proposal generations.

Second, local minima states are combined to generate sample
proposals. Instead of uniformly changing the labels in a cluster, lo-
cal minima states are partitioned and combined with the current
state to form proposal states. This approach is similar to the
DDMCMC style and basin hopping sampler, where the proposal
distribution is designed to imitate the target distribution [39].

Third, simulated annealing is viewed as a specific type of
sequential Monte Carlo, which is a general Monte Carlo technique
over any sequentially varying distributions (auxiliary distribu-
tions) [27,29,15,30,29]. In this paper, the auxiliary distributions
are not only defined by the temperature variable, but also by max-
imum window size variable. Proposed window annealing starts
with large window clusters and gradually reduces the window size
until it is sampling at each vertex. Such coarse-to-fine strategy is
efficient in pixel labeling problems.

For evaluation, our method is compared with existing MCMC
techniques, Gibbs sampler, and SW-cut. The discontinuity preserv-
ing pairwise MRF model is popular in low-level vision while the
Tsukuba stereo pair has been used frequently in comparing various
optimization techniques [3,7]. The advantage of the proposed win-
dow annealing (W-annealing) over other Monte Carlo methods
manifests in both computation time and energy minimization
levels.

Also, the effectiveness of the proposed algorithm against deter-
ministic optimization techniques can be demonstrated in their own
problem domains. Graph cut and message-passing methods are two
dominant algorithms for pairwise energy functions. A more compli-
cated non-submodular pairwise energy function can be solved by
QPBO algorithm. QPBO is compared with W-annealing for both
pairwise and higher-order occlusion-handling stereo problems.
Spectral method is another highly effective optimization technique
frequently used for segmentation problems. Proposed window
annealing finds lower energy for a normalized cut. Each determin-
istic algorithm is confined to its own energy functions. However,
the proposed W-annealing shows competitive performance with
the aforementioned algorithms in all problem domains.

The next section reviews the previous reversible MCMC and tra-
ditional annealing frameworks used for various pixel labeling
problems. Section 3 discusses the fast pseudo window Metropolis
sampling and pseudo window Gibbs sampling schemes, as intro-
duced in [17]. The combined local minima algorithm proposed in
[16] is then presented as a more efficient proposal generation un-
der a W-annealing framework. In Section 4, the performance of the
W-annealing scheme is compared with various deterministic
methods and other MCMC techniques. Section 5 concludes the pa-
per with statements on the limitations and possible future works
for the proposed algorithms.
2. Energy minimization with MCMC

Digital images typically consist of pixels arranged in a squared
grid structure. A label, l in discrete set L, is assigned to each vertex
v 2 V, producing a state (labeling) x. We have N = jVj number of
nodes or pixels and Q = jLj labels. The number of all possible states
is QN. The goal is to determine the state that minimizes the energy
function u(x) among the state space.

The energy function can be expressed as the sum of clique
potentials over all possible cliques C in V .

uðxÞ ¼
X
c2C

/cðxcÞ: ð1Þ

The /c(xc) is a clique potential for label tuple xc in a clique c. The
pair-wise energy functions have clique order of jcj 6 2 for all
c 2 C. If the clique size is jcj > 2, the corresponding energy functions
will be termed high-ordered. The likelihoods are usually expressed
in unary cliques, jcj = 1. The priors are pair-wise and higher cliques.
The specifics of each energy function will be discussed in the eval-
uation section.

2.1. Previous MCMC

Posterior distributions are commonly expressed as exponential
distributions of negative energy values. The energy function u (x)
is transformed into Boltzmann’s distribution:

pðxÞ ¼ 1
Z

e�uðxÞ; ð2Þ

where Z is the partition function. Minimizing the energy function
u(x) is the same as maximizing the posterior p(x). Previous sam-
pling based optimization algorithms rely on Markov chains, which
maintain the detailed balance of chains together with irreducibility
and aperiodicity properties. Such set up theoretically allows conver-
gence to the distribution (2) with large a number of samples.

The basic technique to secure detailed balance is to apply the
Metropolis-Hasting acceptance rule to the proposal probability
[28,12].

Aðx0; xÞ ¼min 1;
pðx0Þqðxjx0Þ
pðxÞqðx0jxÞ

� �
: ð3Þ

This function denotes the acceptance probability of the transforma-
tion from state x to x0. In the function, q(xjx0) is the proposal proba-
bility of the transformation to state x from state x0 before the
acceptance probability is applied. As a consequence of the detailed
balance, the Markov chains must be able to jump back; that is, if the
probability of the transformation to state x from x0 is positive, the
reverse should also have a positive probability.

The Metropolis-Hasting acceptance rule is the basis for almost
all previous sampling-based optimizations in image labeling
problems. Gibbs sampler updates a single pixel label using the
conditional probability p(vijv1 � � � vi�1,vi+1 � � � vN), which can be
seen as Metropolis-Hasting framework [9]. More recent advance-
ments in Monte Carlo optimization usually involve cluster-wise
samples.

Zhu et al. proposed window cluster updates for texture synthe-
sis problems [43]. A new texture image is proposed by adding a
random uniform value to the current pixels in a randomly chosen
window. The acceptance probability can be employed to maintain
the detailed balance because the previous state can be achieved by
subtracting the same uniform value to the random window of the
current state. Tu and Zhu likewise introduced DDMCMC for seg-
mentation problems [39]. A number of elementary segmentation
results have been used as data-driven proposals. Complementing
split-and-merge operations can search the state-space for the best
segmentation. A more systematic cluster algorithm has been intro-
duced for the generalized SW-cut, which has shown to be a faster
optimization technique than DDMCMC [3]. SW-cut clusters the
nodes by probabilistically cutting the edges between commonly
labeled nodes. The clustered nodes are assigned uniform labels
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according to the Metropolis-Hasting acceptance rule or the gener-
alized Gibbs sampler.

The complex clustering technique of SW-cut is derived from the
necessity of the detailed balance constraint. However, SW-cut has
its drawbacks. First, the computation time of the clustering tech-
nique of SW-cut is slow. The act of probabilistically cutting and
aggregating the clique potentials in arbitrarily clustered nodes
can be time consuming. Second, the performance of SW-cut de-
pends heavily on the edge-cut probability, which has to be heuris-
tically derived from each image. Third, SW-cut only allows
clustering of uniformly labeled nodes. Thus, if the current state
has many discontinuities, only small clusters are possible because
the cluster size can only be as big as the largest uniformly labeled
cluster. Conversely, if there are too few discontinuities, the clusters
are prone to become larger.
2.2. Simulated annealing

The states are generated randomly for SW-cut. Simulated
annealing, used for energy minimization, finds the maximum-a
posteriori (MAP) state of target posterior distribution (2) by intro-
ducing a series of auxiliary distributions controlled by a tempera-
ture variable.
p0ðxÞ ¼ limT!0pTðxÞ ¼ limT!0
1
Z

e�uðxÞ=T : ð4Þ
The greater-than-one temperature T can be adjusted to create a flat-
ter version of the posterior, and T is slowly cooled to zero or near-
zero temperature [19]. The MAP state can be obtained by sampling
pT sequentially. The advantage of simulated annealing is that the
auxiliary distributions have the same local and global maxima
states as the posterior distribution. Lower temperature distribution
increases the peak at the global maxima while suppressing local
minima. If a sampler with zero burn-in time is available, the lower
temperature distributions allow a higher probability of hitting one
of the global maxima states.

However, zero burn-in time sampler is usually unavailable for p
(x). By applying common MCMC techniques like SW-cut and Gibbs
sampler, the burn-in time can significantly increase at lower tem-
peratures because the chance of escaping local maxima becomes
smaller as temperature decreases. In simulated annealing, the ma-
jor problem relates to the burn-in time, which can become pre-
dominantly large at lower temperatures.

Theoretically, simulated annealing can find the global optimum
if a slow logarithmic cooling schedule is applied. Geman and Ge-
man first showed that such cooling schedule is valid for a Gibbs
sampler [9]. The global minimum convergence for non-reversible
MCMC simulated annealing is also possible with logarithmic cool-
ing [11,10]. However, the logarithmic temperature scheduling is
impractically slow for most applications. In practice, window-
Gibbs, DDMCMC, and SW-cut all rely on faster heuristic cooling
schedules which can provide more probable solutions within a
confined time schedule.
3. Window annealing

In optimization, the time to probabilistically reach one of the
maxima states from an initial state is more important than the
MCMC distribution. Proposed algorithms focus on decreasing the
burn-in time rather than sampling the posterior distribution.
3.1. Window cluster MCMC

A simple but fast window clustering technique in Algorithm 1 is
employed. The image is partitioned into rectangular grids, with its
size and positions determined by sampling from a uniform distri-
bution. The clusters are rectangular in shape for the nodes to be ac-
cessed and aggregated easily. In contrast to SW-cut clustering, the
labels in the rectangular clusters do not require uniformity and the
cluster size does not depend on the current state.

Algorithm 1. Random Window Cluster

1. Given the maximum window size n, partition the image.
2. From a uniform distribution, determine the height h, width

w and position shifts ws and hs s.t.
{w,h} 2 {0,1, . . . , n} � {0,1, . . . , n}, {ws,hs} 2 {0,1, . . . , w � 1}
� {0,1, . . . , h � 1}.

3. Using hs, ws, h, and w, divide the graph (image) into sub-
regions such that the nodes are divided into m rectangular
clusters, V = {V1, . . . , Vm}.

See Fig. 1.
Algorithm 2. Pseudo Window Metropolis Sampler: PWM sampler

1. Given pT(x) and the maximum window size n,
2. Repeat for a specified number of samples.
3. Random window cluster s.t. V = {V1,V2, . . . , Vm}.
4. Repeat for j = 1 to j = m, given current state x.
5. From an uniform distribution, randomly pick a label l0

from L.
6. Assign l0 to Vj with following acceptance probability,

A ¼min 1; �pT ðx0 Þ
�pT ðxÞ

� �
. �pTðxiÞ / pTðxiÞ.
Algorithm 3. Pseudo Window Gibbs Sampler: PWG sampler

1. Given pT(x) and the maximum window size n,
2. Repeat for a specified number of samples.
3. Random window cluster s.t. V = {V1,V2, . . . , Vm}.
4. Repeat for j = 1 to j = m, given current state x.
5. Make the following possible candidate states;

x0 = x = (x1 , . . . , xj, . . . , xm), the current state,
x1 = (x1, . . . , Vj = l1, . . . , xm), . . . , and
xQ = (x1, . . . , Vj = lQ, . . . , xm).

6. Sample the next state from following discrete
distribution.

1
Zc

�pTðx0Þ; 1
Zc

�pTðx1Þ; . . . ; 1
Zc

�pTðxQ Þ
n o

; where

�pTðxiÞ / pTðxiÞ and

Zc ¼
PQ

i¼0
�pTðxiÞ.

The proposed pseudo window Metropolis sampler (PWM sam-
pler) in Algorithm 2 clusters the graph (image) into rectangular
grids under maximum window size n and samples using an accep-
tance rule similar to the Metropolis scheme. However, a violation
of the reversibility occurs when the current state has nonuniform
labels for Vj and the next state has uniform labels for Vj. Therefore,
the transition probability of reverting back from the current state
to the previous state is zero because the sampling move is em-
ployed only through uniform labeling, (i.e., Vj = l0).



Fig. 1. An example of window clustering of a square lattice image. Using the four
random variables (w,h,ws,hs), the nodes are clustered into window shape sets
V = {V1,V2, . . . , Vm}.
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PWM sampler scheme will converge to a stationary distribution
~pTðxÞ as it satisfies the irreducibility and aperiodicity constraints.
The chains can visit every other state because it can probabilisti-
cally sample with 1 � 1 windows, which is a single node determin-
istic scan Metropolis sampler. Likewise, it is always possible to
remain at the current state. However, without the detailed balance
of Markov chains, the sampling distribution ~pTðxÞ will be different
from the posterior pT (x). Unlike temperature-varying distribu-
tions, the global and local peaks are not necessarily shared be-
tween ~pTðxÞ and pT(x), but the burn-in time becomes shorter due
to cluster sampling.

Similar to the Gibbs sampler, the sample rejection in the PWM
sampler can be eliminated by replacing pseudo Metropolis accep-
tance with Gibbs sampling. Instead of considering a single uniform
cluster jump, the pseudo window Gibbs sampler (PWG sampler)
considers all labels. In Algorithm 3, all nodes in a selected window
cluster can have any uniform or current label. Vj can be assigned by
the Q + 1 possible state. Both PWM and PWG samplers converge
into a stationary distribution independent of the initial states.
The computational time can be reduced significantly while main-
taining the advantages of cluster sampling. See Fig. 2a–h.

3.2. Local minima proposal states

Similar to DDMCMC, the proposal states are generated using
more likely states. Local minima states can have subsets that
match the subsets of global minima states. k number of local min-
ima set {s1, s2, . . . , sk} is determined using iterated conditional
modes (ICMs) [4] or other local algorithms. The search for the min-
imum energy state is conducted over random combinations of
these local minima states. Although there is no guarantee that
the global minima are in combination with the local minima, faster
minimization can be expected in smaller samples.

Algorithm 4. Local Minima Proposal Sampler: LMP sampler
1. Given pT(x) and the maximum window size n,
2. Build k number of local minima {s1,s2, . . . , sk} from k different initia

samples.
3. Random window cluster current state x and local minima state

x ¼ ðx1; . . . ; xmÞ; s1 ¼ s1
1; . . . ; sm

1

� �
; . . . ; sk ¼ s1

k ; . . . ; sm
k

� �
:

4. Repeat for j = 1 to j = m.
5. Combine k + 1 proposal states {x0,x1, . . . , xk} with the curren

sj of local minima states. x0 ¼ x ¼ ðx1; . . . ; xj; . . . ; xmÞ; x1 ¼ x1; . . . ; s
�

6. Sample the next state from the discrete distribution of 1
Zc

�p
n

Zc ¼
Pk

i¼0 �pTðxiÞ.
The local minima proposal sampler (LMP sampler) in Algorithm
4 partitions both current state and local minima states, and re-
places a part of the current state with the partition of one of the
local minima states to produce a set of proposal states. If a larger
number of local minima is used for the LMP sampler, lower mini-
mization is possible. However, in consideration of lower energy,
more computation time and memory are required for proposal
generation. The proper tradeoff between computation resources
and the desired energy level is essential for the LMP sampler.

Fig. 2i–l show the iterative results of the LMP sampler over the
Tsukuba stereo pair MRF. k = 16 ICM local minima from uniform
initial states are used. Some of the local minima are shown in
Fig. 3a–d. With a limited number of samples, the LMP sampler
can obtain energy minimization results superior to previous sam-
pling methods.

3.3. Annealing as a sequential Monte Carlo

In the previous subsections, fast MCMC samplers with arbitrary
sampling distribution ~pTðxÞ are introduced using the maximum
window size n and the posterior pT(x). In this subsection, the win-
dow annealing (W-annealing) scheme that sequentially samples
from ~pTðxÞ is introduced to minimize the energy function. The
key idea of W-annealing is to design efficient guiding distributions
toward p0(x) in (4) by incorporating both temperature and
maximum window size variables in the sequential Monte Carlo
framework. Algorithm 5 is the proposed W-annealing in which
the samples are drawn from auxiliary distributions ~pTðxÞ com-
posed of series of PWM, PWG, and LMP sampler-based Markov
chains over varying window sizes. The maximum window size ni

is reduced gradually toward 1 to emulate the coarse-to-fine strat-
egy. If all ni are set to 1 and the PWM sampler is used, then W-
annealing becomes the same as the conventional simulated
annealing.

Algorithm 5. Window Annealing: W-Annealing

1. Given p(x), specify the schedules for the maximum window
size n and temperature T s.t. {Tk,Tk�1, . . . , T2,T1 ,T0}, where
Ti P 0, T0 = 0. And {nk,nk�1 , . . . , n2,n1,n0} where ni P 1 and
n0 = 1.
Initialize, i = k, and state x.

2. Repeat while i P 0.
3. With pTi

ðxÞ and ni, sample new states, employing one of
the following algorithms:

(a) PWM-sampler, (b) PWG-sampler, or (c) LMP-
sampler.

4. Pass the new state x to the next iteration. Reduce
i = i � 1.
l states. Initialize current state x. Repeat for a specified number of

s s1, s2, . . . , sk into same m number of partitions such that

t state x and s1, . . . , sk such that xj partition of x is replaced by the
j
1; . . . ; xm

�
; . . . ; xk ¼ x1; . . . ; sj

k; . . . ; xm
� �

Tðx0Þ; 1
Zc

�pTðx1Þ; . . . ; 1
Zc

�pTðxkÞ
o
; where �pTðxiÞ / pTðxiÞ and



Fig. 3. (a)–(d) show local minima ICM solutions from different initial states. Uniform states with disparity 5, 8, 10, and 14 are respectively used as the initial states. ICM
solutions are randomly partitioned to create the proposal states for the LMP samplers (Fig. 2).

Fig. 4. The clique potentials can be divided into three sets given a random window
cluster Vj. The example is given for the pair-wise square lattice MRF. Set c \ Vj = ; is
in dotted black lines. Set c \ Vj � c is in blue between Vj and VnVj. Set c \ Vj = c is in
red, which can be aggregated with integral images.

Fig. 2. (a)–(l) show sequences of proposed sampling algorithms. The computation time for 60 samples is approximately 1 to 2 s for PWG; (e–h). The local minima proposal
(LMP) states can result in less blocky samples with significantly smaller amounts of samples; (i–l).
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3.4. Computation of �pTðx0Þ

Majority of the computational load of W-annealing derives from
the calculation of the proportional probability density
�pTðx0Þ / pTðx0Þ in Step 6 of the PWM, PWG, and LMP samplers. If
�pTðx0Þ is calculated naively, the energy function u(x0) must be cal-
culated with the computational complexity O(jCj) where C is the
set of cliques in an energy function.
However, �pTðx0Þ must be calculated only up to a normalizing
constant. Proposal state x0 has the same label assignment as the
current state x except for the window cluster Vj. Set C can be di-
vided into two disjoint sets such that c \ Vj – ; and c \ Vj = ;.
The energy function is evaluated as the sum of these two sets of cli-
que potentials.X
c2C

/cðxcÞ ¼
X

c\Vj–;
/cðxcÞ þ

X
c\Vj¼;

/cðxcÞ: ð5Þ

The clique potentials that do not have overlapping nodes in the ran-
dom window nodes Vj will have the same potentials regardless of
the labeling assignments for Vj. Thus, non-overlapping clique poten-
tials can be ignored for proportional calculation of �pTðx0Þ. Propor-
tional probability can be calculated in O(NV) where NV is the
number of cliques with overlapping nodes in Vj.

pTðx0Þ / exp

�
X

c\Vj–;
/cðxcÞ

T

0
BB@

1
CCA: ð6Þ

Further computation reduction is possible with the integral image
technique [8]. The overlapping cliques are re-divided to two differ-
ent sets, see Fig. 4.X
c\Vj–;

/cðxcÞ ¼
X

c\Vj¼c

/cðxcÞ þ
X

c\Vj�c

/cðxcÞ: ð7Þ
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Fig. 6. The figure (a) plots the energy versus time graph for different temperature schedules. The figure (b) shows the qualitative results for the stereo along with the ground
truth.
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The potentials for uniform and local minima states are pre-cal-
culated as the integral images in the beginning of the PWM, PWG,
and LMP samplers. The sum of clique potentials that are com-
pletely inside the random window,

P
c\Vj¼c/cðxcÞ, can be aggre-

gated in O(1) using integral images.

4. Evaluation

The main advantage of the proposed W-annealing is its robust-
ness to arbitrary energy functions. For the evaluation, W-annealing
is first compared with existing Monte Carlo techniques. Then, the
proposed algorithms are tested over optimization problems in
increasing difficulty. The pair-wise MRF problems are compared
with state-of-the-art techniques. The high-order clique problems
and normalized cut are compared against their specific algorithms.
All energy functions in the evaluations are well known vision mod-
els for stereo and segmentation. The evaluation section is divided
into four subsections.

1. The performance of W-annealing is compared with existing
sampling algorithms, deterministic scan Gibbs Sampler, and
SW cut [3]. The multiple simulations over Tsukuba stereo pair
MRF illustrate the differences in burn-in time. The proposed
methods reach lower energy at a significantly faster rate.
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2. The pair-wise stereo MRFs with Potts, truncated linear, and
quadratic discontinuity costs are evaluated over the stereo pairs
provided in [34,35,33,13]. Sequential tree-re-weighted
belief propagation (TRW-s) [21], a-expansion graph-cut (GC)
method [7], and QPBO fusion moves [26] are state-of-the-art
techniques adapted for pair-wise energy minimization
problems. Unlike the previous sampling based methods,
W-annealing can provide optimization level that is at par with
these techniques.

3. The recently proposed Pn Potts model by Kohli et al. is a
high-order clique function that can be reduced to highly
connected pair-wise submodular MRF which can be minimized
with a-expansion [20]. For problems where clique order
reductions are not readily available, modifications to
graph-cut algorithm have to be made. The asymmetrical occlu-
sion handling by Wei and Quan relies on maximum depth-sized
cliques. Their energy function is minimized using the approxi-
mate form of a expansion designed specifically for their occlu-
sion model [41]. Finally, we experiment on randomly generated
2 � 2 clique MRFs with different label sizes. W-annealing can
directly minimize high-order clique energy functions without
resolving to an approximation or reduction to the pair-wise
cliques.

4. Normalized cut is a well-known formulation that cannot be
reduced to pair-wise cliques. These problems are beyond the
operating range of graph cut and belief propagation. Normal-
ized cut can be minimized effectively by spectral method and
W-annealing.
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Fig. 7. W-annealing vs. state-of-the-art pair-wise energy min
4.1. W-annealing versus previous Monte Carlo techniques

Proposed algorithms are compared against state-of-the-art
Monte Carlo techniques over 4-neighbor pair-wise smooth stereo
energy function. The MRF model has node V and edge E with the
following energy function.

uðxÞ ¼
X
s2V

/sðxsÞ þ k �
X
fs;tg2E

/s;tðxs; xtÞ: ð8Þ

The matching cost for the stereo pair is calculated by the Birchfield
and Tomasi cost over gray scale [5].

/sðxsÞ ¼min

jILði; jÞ � IRði� xs; jÞj;
jILði; jÞ � ðIRði� xs; jÞ þ IRði� xs � 1; jÞÞ=2j;
jILði; jÞ � ðIRði� xs; jÞ þ IRði� xs þ 1; jÞÞ=2j;
jðILði; jÞ þ ILði� 1; jÞÞ=2� IRði� xs; jÞj;
jðILði; jÞ þ ILðiþ 1; jÞÞ=2� IRði� xs; jÞj

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
: ð9Þ

The left and right image pixel values are denoted as IL(i, j) and IR(i, j),
where node s is the pixel position (i, j). The Potts model is used for
the smoothness cost /s, t.

/s;tðxs; xtÞ ¼
0 if xs ¼ xt;

1 if xs – xt:

�
ð10Þ

The proportional probability �pTðxÞ is obtained by following formu-
lation, given the random window Vj.
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�pTðxÞ ¼ exp �1
T

X
s2Vj

/sðxsÞ þ
X

fs;tg\Vj–;
k � /s;tðxs; xtÞ

0
@

1
A

0
@

1
A: ð11Þ

Two Monte Carlo based methods, Gibbs sampler and SW-cut,
are implemented based on their respective papers [9,3]. W-anneal-
ing methods are divided into PWM, PWG, and LMP based samplers.

Fig. 5a shows the comparative evaluation (energy vs. time)
results on Tsukuba stereo images. For each algorithm, 50
simulations are performed. The average time, average energy,
and standard deviation of energy at each time interval are plotted
for the first 60 s. The initial states of all algorithms are generated
randomly. Temperature scheduling is constantly maintained at 1
for all methods. Such scheduling is found to minimize the energy
at the fastest rate during the first 60 s for Gibbs and SW-cut. For
window scheduling, the initial maximum size of window nk is set
to 50 and is reduced by 1 until it reaches the 1 � 1 window. The
maximum window size is then increased again to 50 and decreased
to 1. This is repeated in a series of cycles for predetermined
iterations.

W-annealing methods exhibit the best performance among
Monte Carlo based methods and they obtain smaller standard devi-
ations. Traditional Gibbs sampler and SW-cut display a wider
range of energy levels. The differences between PWG and LMP-
WA are small, but PWM-WA is little slower. Additionally, the qual-
itative results for the Tsukuba disparity map at roughly the same
computational time are presented in Fig. 5b–f.
Fig. 9. The results of patch-based segmentati
We also test different cooling schedules for the square lattice
MRF. The logarithmic cooling schedule is too slow for a practical
simulated annealing. Instead, we compare three heuristic sched-
ules. The linear temperature scheduling is a common approach
with T0 = 1.0 at the initial iteration. The temperature is decreased
by 0.0004 for each sample until zero temperature is reached and
maintained. Also, the target distribution can be maintained
through the constant T = 1 scheduling. Finally, the constantly
T = 0 scheduling is implemented. Fig. 6 shows the energy minimi-
zation results for Venus stereo pair using PWG W-annealing with
different temperature schedules. The constant zero temperature
minimized energy more quickly, although the slower linear cooling
schedule allowed slightly lower energy in the end. For the rest of
the experiments, we consistently kept constant zero temperature
schedules.

4.2. W-annealing vs. graph cuts and belief propagation

The current algorithms that are best for pair-wise energy func-
tions (8) are graph cut and message-passing algorithms. The previ-
ous pair-wise stereo experiments are continued in Fig. 7, but
against a-expansion and TRW-S. The loopy belief propagation
and ab swap algorithms have been consistently inferior to the
TRW-S and a expansion [38], and they are omitted in the compar-
ative tests. The sampling-based methods have been generally re-
garded to be many times slower than graph cut or message
passing methods in previous studies [3,7]. However, our results
in Fig. 7 show that the performances of the W-annealing method
are comparable to those of a-expansion and TRW-S. The resulting
disparity maps shown in Fig. 15 indicate little or no differences in
visual qualities.

PWM, PWG, and LMP-WA are simulated 50 times for each en-
ergy function. The window scheduling is kept the same as the pre-
vious test, but the temperature is kept at zero for all simulations.
The effects of temperature scheduling are downsized for W-
annealing, in contrast to Gibbs and SW-cut simulated annealing.
The randomness of W-annealing is demonstrated in the standard
deviations, but it is minimal within the operating ranges of
graph-cut and TRW-S.

PWM-WA finds larger energy than the a-expansion (graph cut)
algorithm. This is consistent with the optimality guarantee of a-
expansion [7] because the uniform proposals of PWM-WA can be
observed as a stochastic expansion of a label. PWG-WA can find
lower energy, as illustrated in Fig. 7a, but not significantly below
the a-expansion. In contrast, the LMP-WA allows for a lower en-
ergy compared with the a-expansion in Fig. 7a and c.

The comparison test with fusion (QPBO) algorithm [26] and
LMP-WA on Cones stereo pairs is shown in Fig. 8. The fusion move
can combine two solutions together using QPBO algorithm to
on using Pn Potts high-order MRF model.
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minimize pair-wise energy. Energy is represented as the percent-
age of the lowest energy found, against the increasing regularizing
term k. As with PWM-WA and a-expansion, the fusion algorithm
outperforms the LMP-WA when the same local minima proposal
states are used. However, the energy differences between the
two algorithms rarely go up the 1% mark. A slower temperature
scheduling might improve W-annealing, but the additional compu-
tational burden to reduce that 1% difference can be very large.

W-annealing comes close but it is not as efficient as the
graph-cut based algorithms in pair-wise MRF problems. However,



Fig. 12. 2 � 2 clique MRF is shown. The circles are labeling nodes. The squared
nodes are factor nodes, representing the 2 � 2 clique potentials /p,q,r,s(xp,xq,xr,xs).
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PWG-WA is faster, reaching graph cut level energy within the first
few seconds. LMP-WA is slower in the beginning because the local
minima calculations are also included as part of the computation
time.
4.3. High-order energy functions

Unlike the pair-wise functions with well-established algo-
rithms, the high-order clique problems are still largely open to
new methods and advancements. Most deterministic methods rely
on clique order reduction to pair-wise problems. Clique reductions
require auxiliary nodes and non-submodular potentials for non-
regular high-order cliques. Eventually, however, high-order clique
problems rely on pair-wise algorithms like QPBO and belief
propagation.
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Fig. 13. Energy versus time results of max product BP, ICM, PWG, and LMP W-annealin
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The regular high-order potential such as Pn Potts model can be
effectively minimized with a-expansion. Kohli et al. set up texture
based segmentation problem as the minimization of unary, pair-
wise smooth, and Pn Potts potentials.

uðxÞ ¼
X
s2V

/sðxsÞ þ
X
fs;tg2E

k � /ðxs; xtÞ þ
X
c2C

/cðxcÞ: ð12Þ

Dictionary of 5 � 5 RGB patches is used for high-order clique poten-
tial /c. The specifics of the energy functions can be referenced in
[20]. The energy function is reduced to highly connected pair-wise
MRF. The energy minimizations using alpha-expansion and W-
annealing are compared in Figs. 9 and 10 for garden sequence. As
with pair-wise MRF experiments, the W-annealing is effective with-
in the standard deviation of 50 trials.

The advantage of W-annealing is that it can minimize the high-
order energy function directly. Wei and Quan proposed high-order
asymmetrical occlusion handling matching cost [41].

/occðxcÞ ¼
/sðxsÞ; /s

occðxcÞ ¼ 0
kocc; /s

occðxcÞ ¼ 1

�
ð13Þ

/s(xs) is a matching cost at s 2 V with disparity value xs, while kocc is
the occlusion cost. /s

occðxcÞ is an indication function that returns 1 if
the disparity xs is occluded by the disparities in the same scanline xc.
If the pixel is not occluded by other pixels in the same image, the
model uses the unary matching costs. Otherwise, if occluded, the
model would assign occlusion penalty cost kocc. The occlusion
model is intuitive, but the implementation using pair-wise energy
function is not straight-forward. The energy function must be
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nealing using k = Q and k = 200 number of local minima are both presented.



10

100

1000

0 10 20 30 40 50 60 70En
er

gy
 in

 %
 o

f s
pe

ct
ra

l m
et

ho
d 

(lo
g 

sc
al

e)

Time (seconds)

PWM-WA
PWG-WA
LMP-WA
Spectral

10

100

1000

0 20 40 60 80 100 120 140

En
er

gy
 in

 %
 o

f s
pe

ct
ra

l m
et

ho
d

Time (seconds)

PWM-WA
PWG-WA
LMP-WA
Spectral

10

100

1000

1 10 100

En
er

gy
 in

 %
 o

f s
pe

ct
ra

l m
et

ho
d

Time (seconds)

PWM-WA
PWG-WA
LMP-WA
Spectral

10

100

1000

10 100 1000

En
er

gy
 in

 %
 o

f s
pe

ct
ra

l m
et

ho
d

Time (seconds)

PWM-WA
PWG-WA
LMP-WA
Spectral

Fig. 14. The average normalized cuts of 100 Weizmann image sets are shown versus the computation time. Energies are marked as percentages of normalized cut by spectral
method. W-annealing can find lower normalized cut given enough sampling time.
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formulated with higher-order clique potentials with additions of
pair-wise smoothness costs.

uðxÞ ¼
X

c2Cocc

/occðxcÞ þ
X
fs;tg2E

k � /ðxs; xtÞ: ð14Þ

The difference between the asymmetrical model and the occlusion
model of Kolmogorov and Zabih is noteworthy in terms of clique
potentials [22,23]. Kolmogorov and Zabih’s model requires solving
disparities in all views, but the pair-wise interaction is sufficient
to formulate the problem. The asymmetrical occlusion model can-
not be represented as the pair-wise functions [41].

Wei and Quan minimized the function (14) by restricted a-
expansion and by assigning a reliability probability to the dispari-
ties. Their method provided satisfactory results based on the sub-
modular framework. In this evaluation, the asymmetrical
occlusion model is implemented with more advanced QPBO algo-
rithm, in accordance with recent implementations by Woodford
et al. [42].

The implementation of W-annealing is simpler. Proportional
probability �pðxÞ can be calculated for a given window cluster Vj.

�pTðxÞ ¼ exp �1
T

X
c\Vj–;

/occðxcÞ þ
X

fs;tg\Vj–;
k � /ðxs; xtÞ

0
@

1
A

0
@

1
A: ð15Þ

Fig. 11 compares W-annealing with the approximated a-expan-
sion of Wei and Quan. Forty simulations are conducted for PWM
and PWG W-annealing. The simulations employ the same window
scheduling, constant zero temperature, and random initial states.
LMP W-annealing is not included in this test because the
proposal generation is not as trivial as with previous pair-wise
problems. The proposal generation of Woodford et al. relies on ad-
vanced segmentation based stereo algorithm with its own occlu-
sion handling capabilities and largely solves the occlusion
problem before the fusions are made by the QPBO. In this experi-
ment, the role of proposal states is minimized by allowing only
uniform or a labeled expansions.

In the Wei and Quan experiment, the algorithm ran only two
iterations. However, there are times when more iterations return
lower energies in our experiments, such as in Fig. 11. PWG W-
annealing shows significantly lower energy at a faster rate, except
for the Map stereo pair. PWM W-annealing starts out slow but
eventually achieves energy equivalent to the approximated a-
expansion. The resulting disparity images are shown in Fig. 16.
The high-order clique W-annealing is implemented without the
pair-wise clique reduction. This can be a significant advantage, be-
cause the reduction of high-order cliques to pair-wise is a compu-
tationally burdensome problem by itself [14].

Additionally, the proposed LMP W-annealing is tested over ran-
domly generated 2 � 2 clique MRF. Below equation describes the
energy function as sum of clique potentials.

uðxÞ ¼
X

ðp;q;r;sÞ2Ng

/p;q;r;sðxp; xq; xr ; xsÞ ð16Þ

The clique potential /p,q,r,s(xp,xq,xr,xs) is a function of 4 element tu-
ple. The value of each /p,q,r,s(xp,xq,xr,xs) is randomly assigned from
an uniform distribution [0,1] to create test MRFs. The factor nodes



Fig. 15. From left, results of (1) PWM-WA, (2) PWG-WA, (3) LMP-WA, (4)a expansion and (5) TRW-S for each stereo pair with the same pair-wise energy functions. The
energy differences among the five methods are not large enough to make significant visible differences in the stereo results.
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are connected to 4 variable nodes p,q, r,s in Fig. 12. 30 � 30
variable nodes with 2 � 2 clique potentials are generated for
the comparison test. The energy minimization results of LMP W-
annealing, ICM, and belief propagation (BP) are shown in
Fig. 13a–d are the results obtained for MRFs with label size Q = 2
to Q = 5, respectively.

For the implementation of belief propagation, the factor nodes
are transformed into variable nodes with Q4 number of labels hav-
ing corresponding /p,q,r,s(xp,xq,xr,xs) as the unary costs. The pair-
wise potentials are assigned either 0 or 1 based on the
consistency requirement. The time complexity of message calcula-
tion goes up exponentially as the clique size increases [25].

LMP W-annealing is implemented using k = Q(Q = 2,3,4,5) local
minima and also for k = 200 local minima. For k = Q, local minima
are found by ICM over Q homogeneous states like the stereo
problem, even though the smoothness assumption is no longer
viable in this problem. For LMP 200 WA, additional 200 � Q ICM
minima obtained from random initial states are used. Same rectan-
gular partitioning is used but the integral image technique is not
used.
In these 4 tests, it is clear that the proposed LMP W-annealing
converges faster than BP and PWG W-annealing. The difference
from BP is more evident for Fig. 13c and d. BP is fast as LMP 200
WA for Q = 2 in Fig. 13a. However, as the label size increases, BP
could not keep up with the speed of W-annealing. Thus, as the
number of labels and clique size become larger, message passing
algorithms become practically ineffective awhile proposed LMP
W-annealing can maintain reasonable computational time.
Furthermore, with larger number of local minima, LMP W-anneal-
ing can reach much lower energy than BP and PWG W-annealing
with comparably insignificant addition to the computation
resources.
4.4. W-annealing vs. spectral method

A good example of energy function that cannot be reduced to
lower clique problems is a normalized cut. Normalized cut mini-
mizes normalized weights to prevent bias toward the smaller cuts
[36]. Edge weights /(u,v) are assigned to the neighboring pixels.



Fig. 16. Stereo with high-order clique asymmetrical occlusion handling, optimized with PWM, PWG W-annealing and QPBO. The blue areas are occluded areas. The proposed
W-annealing finds lower energies, except for Map stereo pairs.
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The cut cost and association costs are defined for disjoint segments
A, B, and the entire image V.

cutðA;BÞ ¼
X

u2A;v2B

/ðu;vÞ; ð17Þ

assocðA;VÞ ¼
X

u2A;t2V

/ðu; tÞ: ð18Þ

The normalized cut partitions images to K number of disjoint
segments by minimizing following function.

ncutsðCK
V Þ ¼

1
K

XK

l¼1

cutðVl;V n VlÞ
assocðVl;VÞ

: ð19Þ

Minima states of function (19) can be estimated using the spectral
method.

The normalized cut using spectral method provided in www.ci-
s.upenn.edu/jshi/software/ is used in this experiment employing
the same edge weight calculation. The 100 images from the Weiz-
mann segmentation set [2] are segmented into 2, 3, 4, and 5 re-
gions. Images are reduced by half during the experiments. The
average computation time and energy are plotted in Fig. 14. Some
qualitative segmentation results are shown in Fig. 17.

New local minima are calculated for each iteration in LMP
W-annealing. Average energy could be significantly lower, up to
70%, for LMP W-annealing in relation to the average spectral
method. The computation time of spectral method is consistent
(i.e., 7–8 s) regardless of the number of segments. However, the
lack of iterative improvements limits its performance. PWM and
PWG W-annealing are not effective for the normalized cut. The con-
stant zero temperature scheduling is the probable cause. A
different temperature scheduling may improve the perfor-
mance,but the zero temperature is kept consistent with previous
tests.
5. Discussion

PWM W-annealing can be seen as a simpler version of a-expan-
sion. It expands uniform labels stochastically given the current
state but not optimally like in a-expansion. Local minima propos-
als can provide significant improvements over the PWG sampler,
but the additional computational costs can vary widely among dif-
ferent problems. Conversely, zero-temperature PWG samplers can
be used to generate local minima proposals for LMP sampler,
which is curtailed in this paper.

In the comparative tests, the advantages of W-annealing against
existing Monte Carlo optimization techniques are demonstrated. In
the pair-wise domain, energy minimization by the proposed algo-
rithm is contending with state-of-the-art techniques such as QPBO

http://www.cis.upenn.edu/jshi/software/
http://www.cis.upenn.edu/jshi/software/


Fig. 17. Examples of normalized cut using LMP based W-annealing (WA) and spectral method (SP) on Weismann image set. The number of segments in parenthesis is
followed by normalized cut costs.
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and TRWS. However, unlike QPBO, W-annealing can be easily
implemented for high-order clique problems without converting
them into pair-wise functions. Likewise, W-annealing is shown to
be competitive with the spectral method, finding lower energies
with additional computation time.

However, proposed algorithms are based on simulated anneal-
ing, and they entail the same advantages and disadvantages of
sampling based techniques. W-annealing is easy to understand
and implement, and it is applicable for a wide range of problems.
However, the temperature scheduling is heuristically defined.
W-annealing lacks a stopping criterion and low bound calcula-
tion. Likewise, simulated annealing is weak for problems with infi-
nite potentials. Some disadvantages such as temperature
schedules, and infinite potentials can be addressed by simulated
tempering or population MCMC, which can be a subject of further
study.

The main difference between W-annealing and previous Monte
Carlo algorithms like SW-cut is its focus on optimization. Non-
reversible Markov chains, partitioned local minima proposals,
and the auxiliary max-window variable are introduced to address
pixel-wise labeling problems encompassing large square lattice
nodes and piece-wise smooth solutions. Within such confined
problem scope, the proposed W-annealing can be more robust than
existing algorithms, as it offers competitive performance in a wide
range of clique potentials.
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