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In computer vision, many applications have been formulated as Markov Random Field (MRF) optimiza-
tion or energy minimization problems. To solve them effectively, numerous algorithms have been devel-
oped, including the deterministic and stochastic sampling algorithms. The deterministic algorithms
include Graph Cuts, Belief Propagation, and Tree-Reweighted Message Passing while the stochastic sam-
pling algorithms include Simulated Annealing, Markov Chain Monte Carlo (MCMC), and Population-based
Markov Chain Monte Carlo (Pop-MCMC). Although many of them produce good results for relatively easy
problems, they are still unsatisfactory when it comes to more difficult MRF problems such as
non-submodular energy functions, strongly coupled MRFs, and high-order clique potentials. In this paper,
we propose a new hybrid algorithm which successfully combines the stochastic sampling and determin-
istic algorithms to solve such challenging MRF problems. By combining those two different approaches in
a unified framework, we can utilize the advantages from both approaches. For example, the deterministic
algorithms guide the solution to rapidly move into lower energy state of the solution space. The stochas-
tic sampling algorithms help the solution not to be stuck in local minima and explore larger area.
Consequently, the proposed algorithm substantially increases the quality of the solutions. We present
a thorough analysis of the algorithm in synthetic MRF problems by controlling the hardness of the
problems. We also demonstrate the effectiveness of the proposed algorithm by the experiments on real
applications including photomontage and inpainting.

� 2011 Elsevier Inc. All rights reserved.
1. Introduction

Markov Random Field (MRF) models are of fundamental
importance in computer vision. Many vision problems have been
successfully formulated in MRF optimization. They include stereo
matching, segmentation, denoising, and inpainting, to mention just
a few. Recently, Szeliski et al. [26] presented a comprehensive
review of the standard MRF-based vision problems and the com-
parative results of existing optimization algorithms.

The general formulation of the MRF models is as follows. Given
a graph G = hV,Ei, where V is the set of nodes and E is the set of
edges, the energy function is given by

EðxÞ ¼
X
s2V

hsðxsÞ þ a
X
hs;ti2E

hstðxs; xtÞ þ b
X
c2C

hcðXcÞ; ð1Þ

where a and b are the weight factors, C is the set of higher-order
cliques, and Xc is the set of vertices in the clique c. The first term
hs(xs) is called the unary term or data term and is defined in various
ways depending on the applications. For example, in stereo problem
it can be intensity difference, sum of squared difference or
ll rights reserved.
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Birchfield–Tomasi measure of corresponding pixels. In denoising
problem, it can be the intensity difference between the true and
the noisy pixels. In the segmentation problem, it can be the color
difference between a single pixel and the histogram of the segment
it belongs to. The second term hst(xs,xt) is called the pairwise term or
smoothness term. This term usually encodes the prior knowledge
into the energy function. In most applications, smoothness regular-
ization constraints are commonly used, which compel the solution
to be piecewise smooth. Widely-used smoothness models include
the Potts model, the truncated linear model and the truncated qua-
dratic model. The MRF formulation in computer vision has long
been limited up to pairwise terms due to the weak minimizing
power of the optimization methods. The third term hc(Xc), which
is called higher-order term, has been introduced to overcome the
limitations of the energy models with only up to pairwise terms.
The higher-order term encodes more complex and realistic knowl-
edge about the scene [22,12,29]. Recently, there has been increasing
emphasis on the higher-order term. Although this term helps to ob-
tain much better solutions, it often makes the problems intractable.

Many algorithms for minimizing the aforementioned energy
function have been proposed. Although those methods have been
successively applied to various problems, the story becomes
different when it comes to more difficult MRF problems. There
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are some known factors which make MRF problems more difficult:
non-submodular functions, strongly coupled MRF models, high
connectivity and higher-order clique potentials. It is known that
more non-submodular terms make the problem harder [24]. The
coupling strength also affects performance in solving MRF
problems. The coupling strength refers to the relative strength of
pairwise versus unary terms. As coupling strength increases, prob-
lems become more difficult [26,16]. High connectivity of graphs is
another factor which makes the problem difficult [14]. Higher-
order clique potential also make the problem difficult. Despite
difficulty, higher-order clique potential has often been used to im-
prove the results in some vision applications [23,29]. More difficult
MRF models are inevitable to incorporate realistic image priors
into the models. (e.g., occlusion terms in stereo and texture infor-
mation in denoising and segmentation.) To those difficult exam-
ples, most existing algorithms are not applicable, and even with
some applicable algorithms the results are far from the global
optimum.

Therefore, we definitely need a more efficient optimization
technique to cope with such difficult MRF vision problems. Our
main idea is to combine the stochastic sampling and deterministic
algorithms so that we can take advantages of both sides. Our new
algorithm is mainly inspired by the work of Strens et al. [25]. They
used direct search optimization (downhill simplex method and dif-
ferential evolutions) in the framework of Population-based Markov
Chain Monte Carlo (Pop-MCMC) to increase stochastic sampling
performance. Although they improved performance by combining
sampling and optimization method, they remain focused only on
sampling rather than optimization. Moreover, they did not provide
a general framework for combination of algorithms. On the other
hand, we propose a general framework for optimization which is
suitable for many vision applications. Our paper is organized as fol-
lows. We continue with recent researches which are related to our
work in the following section. We present the advantages of com-
bining stochastic sampling and deterministic algorithms in Section
3. In Section 4, the details of the proposed algorithm are described.
Section 5 gives the experimental results both on synthetic and real
problems.
2. Related works

Many algorithms have been proposed to solve MRF problems.
The existing algorithms can be divided into two approaches: deter-
ministic and stochastic sampling algorithms. Some of the well-
known deterministic algorithms are move-making algorithms.
Move-making algorithms iteratively make local moves to explore
the solution space. They include Iterated Conditional Modes
(ICM), the Gradient Descent Algorithm and Graph Cuts [6,5,15].
Graph Cuts are the state of the art among those move-making
algorithms. It becomes more powerful due to recent advances
including the fusion move and the Quadratic Pseudo-Boolean Opti-
mization (QPBO) algorithm [24,29]. Graph Cuts iteratively optimize
the binary sub-problems of the original problem. They are fast,
accurate and even find global optima for some classes of functions.
Another important class of deterministic algorithms is the message
passing approach. It includes Belief Propagation (BP) [27] and Tree
Reweighted Message Passing (TRW) [13,28]. BP was originally
developed for graphs without cycles. Although there is no guaran-
tee of convergence in the case of the graph with cycles, it has been
successfully applied to vision problems. One of the important prop-
erties of TRW is that it gives a lower bound of the energy function,
which can be used to check optimality of the solutions.

Sampling-based algorithms have also been applied to the
MAP-MRF based vision problems. They include Markov Chain
Monte Carlo (MCMC) algorithm and its variants. MCMC is one of
the most popular sampling algorithms. It was originally developed
to generate samples from a given target distribution or to integrate
functions in high dimensional spaces. Along with Simulated
Annealing, MCMC has also been used to obtain optimum samples of
target functions. In MRF optimization for vision, Swendsen–Wang
Cuts was proposed to solve image segmentation and stereo prob-
lems [3,4]. Recently, Kim et al. [11] proposed a more advanced
MCMC method called Pop-MCMC to optimize a plane-based stereo
energy model. In addition, Jung et al. [9,10] proposed window
annealing algorithm to increase mixing ratio of the MCMC method.

Aforementioned methods have been successively applied to
many problems. Nevertheless, they all are unsatisfactory when it
comes to more difficult MRF problems. Note that a-Expansion
and ab-Swap is able to achieve satisfactory results only with sub-
modular energy functions, whose pairwise terms satisfy

hstðb; cÞ þ hstða;aÞ 6 hstðb;aÞ þ hstða; cÞ: ð2Þ

To solve functions whose pairwise terms does not satisfy this
relationship, we should truncate the non-submodular terms, i.e.
violating terms should be replaced with submodular approxima-
tions. Consequently, it seriously degrades the quality of solutions
when violating terms are getting larger. On the other hand, QPBO
can be applied those functions without truncation. As the difficulty
of problems increases, however, it produces more unlabeled pixels,
which yields unsatisfactory results. The number of unlabeled pix-
els depends on the strength of unary and pairwise terms, the num-
ber of non-submodular terms and the connectivity of the graph
structure [24]. To resolve this problem, probing is proposed by
Rother et al. [24] but it still leaves some pixels unlabeled. In addi-
tion, all Graph Cut based algorithm can handle only pairwise
graphs. Message passing algorithms are also degraded as the diffi-
culty of the problem increase. The complexity of Belief Propagation
exponentially increases with the size of the largest clique. Also,
Komodakis and Paragios [16] mentioned that the solutions and
the lower bounds do not converge in difficult MRF problems. Note
that the gap between the solutions and the lower bounds of TRW-S
(Sequential TRW) [13] can be an efficient measure of qualities of
the solutions. Sampling-based algorithms also have weaknesses.
Although applicable to any class of MRF problems, they are usually
slower than deterministic algorithms even in the simple MRF prob-
lems [11], and do not lower the energy state substantially [9,10]. If
difficulty of the problem increases, we do not think they can solve
the problems in a practical timescale since they are too slow even
in the simple ones.

Recently, there has been increasing emphasis on the higher-
order MRF models because it can capture the rich statistics of nat-
ural scenes [12,29,8,7,17]. However, due to intrinsic difficulty of
the model and the lack of efficient algorithms, it has often been
troublesome to use the higher-order MRF models. There are some
approaches to overcome those limitations. First, in the move-mak-
ing algorithms, the reduction technique has been introduced. This
technique reduces higher-order clique potentials into pairwise
ones so that it can be possible to apply the algorithms for only
up to pairwise ones, such as Graph Cuts. Kolmogorov and Zabih
introduced a technique that reduces third-order clique potentials
into pairwise ones [15]. Unfortunately, their reduction was limited
only up to the third-order cliques. Ali et al. recently used more gen-
eral reduction technique, which can reduce any order clique poten-
tials into pairwise ones [2]. This technique, however, produces
severe amount of non-submodular term. Because of that, it is hard
to apply this technique to the clique potentials which has higher-
order than 3. More recently, Ishikawa proposed a new reduction
technique which reduces any order clique potentials into pairwise
ones [7,8]. However, we cannot still ignore the fact that the
reduction produces non-submodular terms leading to potentially
many pixels unlabeled. Moreover, all the reduction techniques
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produce additional terms in the energy function and they grow
exponentially with the maximum clique size. This consequently
yields exponential growth of the time complexity as well as
dimensionality. Message passing algorithms have also improved.
To solve higher-order MRFs, Belief Propagation variants have been
introduced. Lan et al. proposed some approximation methods for
BP with learned potentials [17]. Potetz proposed a technique to
compute belief propagation messages in time linear with the size
of the largest clique for some class of energy functions [20,21].
However, message passing algorithms applied to the higher-order
MRF usually need much longer convergence time than Graph Cuts.
3. Toward difficult MRF problems: combination of sampling and
deterministic algorithms

To deal with difficult MRF problems, we propose to combine
stochastic sampling and deterministic algorithms. There are two
interpretations why combination approach achieves better perfor-
mance. On the one hand, the stochastic sampling algorithms are
boosted by combination with deterministic algorithms. Sampling
algorithm alone generally cannot achieve large and effective move.
When move is getting larger, the quality for next sample usually
becomes lower. With the help of deterministic, however, large
and effective move is proposed. The sample can rapidly move into
lower energy state owing to the deterministic algorithms. More-
over, deterministic methods guide it to make effective jumps from
one basin to another over the energy barrier. Consequently, this
property increases the mixing rate and yields faster convergence
and better solutions. On the other hand, the stochastic sampling
algorithms help deterministic algorithms not to be stuck in local
minima. Every deterministic algorithm ends up in one of the local
minima. With the help of sampling algorithm, however, it can es-
cape from the local minima and keep searching for better solutions.
4. Combined algorithm: MCMC-GD

The proposed algorithm is called Markov Chain Monte Carlo
combined with General Deterministic algorithms (MCMC-GD). In
this section, we explain the proposed MCMC-GD algorithm in de-
tail. Our basic strategy is to combine deterministic algorithms in
the structure of Pop-MCMC. As mentioned above, we can take
advantages of the combination. However, the combination of sam-
pling and deterministic algorithms is not an easy task. Careless
embedment of deterministic algorithms in the sampling algorithm
easily causes trouble.

The overall structure of MCMC-GD is described in Algorithm 1.
The structure of MCMC-GD is similar to conventional
population-based MCMC. The difference comes from the design
of new kernel in the MCMC algorithm. This new kernel is proposed
to make use of deterministic methods. It is based on the snooker
crossover [18]. The detailed procedures for each step will be
described in the following subsections.

4.1. Population-based sampling framework for MCMC-GD

To present overall structure of MCMC-GD, we would like to be-
gin with MCMC first. MCMC algorithms have been used to sample
from the target distribution p(x). It generates a sequence of sam-
ples x(0), x(1), . . . using a Markov chain. A tth sample x(t) is drawn
from a conditional distribution q(x(t)jx(t�1)). We call q(�j�) the kernel
of the Markov chain. A kernel q(�j�) is reversible if and only if

pðxðt�1ÞÞqðxðtÞjxðt�1ÞÞ ¼ pðxðtÞÞqðxðt�1ÞjxðtÞÞ: ð3Þ
This is also called detailed balance condition. If a kernel q(�j�)
satisfies detailed balance, the Markov chain process x(0), x(1), . . .

generated by the kernel converges to the target distribution p(x).
Along with Simulated Annealing, MCMC has also been used to

obtain an optimum sample of the target function, i.e. a sample x
which maximizes p(x). In MCMC, a new sample is drawn from
the previous sample with a local transition probability, based on
the Markov chain. Since most MCMC algorithms allow only local
moves, in a large solution space it takes a very long time to reach
the global optimum. To overcome the limitations of MCMC, Pop-
MCMC has recently been applied to the vision problem [11].

Algorithm 1. MCMC-GD algorithm

1: hInitializei
2: Initialize the population X1:N

3: Set the temperatures T1 < T2 < � � � < TN

4: Run message passing algorithms to get solutions
A1

static; A
2
static; . . . ;AK

static

5: repeat
6: hAnchor generation i
7: if U � [0,1] < QD

8: p � {1,2, . . . ,N}

9: A  Move making algorithmðxðtÞp Þ
10: else
11: k � {1,2, . . . ,K}
12: A  AK

static

13: end if
14: hSnooker crossoveri
15: c � {1,2, . . . ,N} � {p}
16: j � {+1,�1}
17: s � S

18: xðtþ1Þ
c  xðtÞc � j expðsÞ þ A � ð1� j expðsÞÞ

19: Determine whether accept the new population or not by
the Metropolis–Hastings rule

20: until The algorithm converges

Pop-MCMC or evolutionary Monte Carlo is a stochastic
simulation algorithm that combines a population of Metropolis–
Hastings samplers and Evolutionary Algorithms to improve the per-
formance of MCMC samplers. Pop-MCMC generates multiple chains
in parallel. Each chain has a different target distribution
piðxÞ ¼ ð1=ZiÞfpðxÞg1=Ti where Zi is a constant to make the integral
of the function equal to one and Ti represents the temperature for
the ith chain. From multiple chains, multiple samples are drawn at
the same time and they exchange information with each other. This
enables global moves of samples which consequently make the mix-
ing rate of drawn samples faster. In terms of optimization, the fast
mixing rate means fast convergence to the global optimum.

Basically, MCMC-GD algorithm is built on the framework of
Pop-MCMC. We first build the target distribution using Eq. (4).

pðxÞ ¼ 1
Z

exp � EðxÞ
T

� �
: ð4Þ

where Z is a constant to make the integral of the distribution
function equal to one.

Note that, the domain of the target distribution p(�) is a real-
valued space while that of the energy function E(�) is a integer-
valued space. With the target distribution p(x), we construct
multiple chains with probability distribution of chain i as

piðxÞ ¼ ð1=ZiÞfpðxÞg1=Ti ð5Þ
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where Zi is a normalizing constant and Ti is the temperature of the
ith chain. In the chain with high temperature, the target distribution
is nearly flat, where the heights of barriers between local optima are
very low. Therefore, the samples in such chains can freely wander in
contrast to the samples in a chain with low temperature. By
exchanging these higher-temperature configurations with the con-
figuration of a low temperature of our interest, we can allow the
low temperature simulation to sample configurations much more
efficiently than with local Metropolis updates only. This leads to a
faster mixing rate between samples, and helps escape from local
minima. The appropriate sequence of the temperatures depends
on the given energy function. It is empirically determined (see
Section 5 for discussions on how it is determined). Note that pi is
defined on real number space.

Given an original target distribution p(x), a new expanded
target distribution is defined as follows:

p�ðx1:NÞ ¼
YN

i¼1

piðxiÞ; ð6Þ

where N is the number of chains to use. x1:N = {x1, . . . ,xN} is a
population composed of samples of N chains. Our new goal is to
generate a sequence of the population of samples xð0Þ1:N; xð1Þ1:N; . . .

using a kernel q xðtÞ1:Njx
ðt�1Þ
1:N

� �
.

In this population-based sampling framework, deterministic
algorithms are combined by using a new MCMC kernel. If we sim-
ply apply deterministic algorithms as the kernel of the sampling
algorithm, it might violate the reversibility condition of the MCMC.
Consequently, it is impossible to satisfy detailed balance. That is,
we are not able to sample from the target probability function.
Next subsection describes the design of kernel by which the deter-
ministic algorithms are successfully combined with the sampling
algorithm.

4.2. Kernel design

In this subsection, we present a new MCMC kernel design which
enables the combination between sampling and deterministic
method while satisfying reversibility and detailed balance. This
new MCMC kernel generates a proposal sample by using determin-
istic algorithms. It enables much better move than widely-used
random perturbation. The proposed kernel is composed of two
phases: anchor generation and snooker crossover. Deterministic
algorithms are employed in the first phase. The whole procedure
for the kernel is illustrated in Fig. 1.

4.2.1. Anchor generation
First phase is the anchor generation. The purpose of this phase

is to generate anchors which have substantially low energy using
the deterministic algorithms. In this subsection, we propose two
Fig. 1. MCMC kernel for com
different types of anchors according to the class of the algorithms
to be combined: Dynamic anchors and static anchors. Although the
dynamic anchor plays important role to produce well spread an-
chors, not every deterministic method can be used to generate
the dynamic anchor. The Dynamic anchors are generated by using
move-making algorithms. To also use other than move-making
algorithms, such as message-passing algorithms, static anchors
are proposed.

To generate dynamic anchors, we first select a sample xðtÞp in the
population. We call this sample a parent. And then, we run a few
iterations of a move-making algorithm with the parent as an ini-
tial. The resulting solution is used as the anchor for the next phase.
This anchor is dynamically generated and destroyed while the
algorithm is running.

To generate the static anchors, we initially run message-passing
algorithms such as the TRW and BP before MCMC-GD starts. Those
solutions are used as the anchor points. While the algorithm is run-
ning, we just pick one of the static anchors with uniform
probability.

At each iteration, a single anchor is obtained by either dynamic
or static anchor generation. To choose the type of the anchor, we
draw a uniform random number U uniformly from interval [0,1)
as mentioned in Algorithm 1. The random number U is compared
with predefined dynamic anchor-based proposal rate QD which
controls the relative weight of the dynamic and static anchor-
based proposals. According to the value of U, we choose either
the dynamic or static anchor-based proposals as the next
proposal.

For the extreme cases, we can set QD = 1 and QD = 0. When QD is
set to 1, the algorithm only uses dynamic anchors. On the other
hand, when QD is 0, the algorithm only uses static anchors. Those
algorithms are called MCMC-D and MCMC-S, respectively. (D and
S stand for Dynamic and Static.) The relative performance of those
variations is reported in experimental section.
4.2.2. Snooker crossover
After an anchor is chosen, we perform sampling by using snoo-

ker crossover (Fig. 2). The snooker crossover has been proposed by
Liang and Wong [18] for the MCMC sampling in a real-valued

space. It start from selecting a sample xðtÞc other than the parent

from the population xðtÞ1 ; . . . ;xðtÞN

n o
. This sample is called a candi-

date. After the candidate is chosen, we perform snooker crossover
with the anchor pointA. In the conventional snooker crossover, the
anchor point is set to be the one of the samples chosen from pop-
ulation. On the other hand, in our algorithm, the anchor point
comes from the result of the deterministic methods. A newly-gen-

erated sample xðtþ1Þ
c lies on the line going through the anchor and

the candidate according to:
bining existing methods.



Fig. 2. Snooker crossover. A candidate sample xðtÞc is randomly selected from the population xðtÞ1 ; . . . ; xðtÞN

n o
. The sample xðtÞc is then updated with a newly proposed sample

xðtþ1Þ
c which is generated by the line sampling along the direction passing through the candidate xðtÞc and the anchor point A.
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xðtþ1Þ
c ¼ xðtÞc j expðsÞ þ Að1� j expðsÞÞ; ð7Þ
where s and j are control parameters of snooker crossover. s is the
random variable taken from the predefined set S with probability
distribution r(s). The set S can be designed as any set closed under
the operator �s, which is defined by �s. The parameter s controls the
distance between the newly-generated sample and the anchor.
Small s results in the new sample being close to the anchor and
large s results in the new sample being far away from the anchor.
j can be fixed either by +1 and �1 or randomly chosen among +1
and �1 with equal probability. j will decide if the new sample,
started from the candidate, passes over the anchor or not. When
j is �1, the newly-generated sample lies on the ray from the anchor
in the opposite direction to the candidate. That is, the new sample
passes over the anchor point. When j is +1, the newly-generated
sample lies on the ray from the anchor through the candidate.

After snooker crossover, the candidate xðtÞc is substituted with
the new sample xðtþ1Þ

c according to the Metropolis–Hastings rule
with the acceptance probability:
a ¼minð1; cÞ; ð8Þ
where
c ¼
pcðxðtþ1Þ

c Þpp xðtþ1Þ
p

� �
pc xðtÞc

� �
pp xðtÞp

� � �
q xðtÞc ;x

ðtÞ
p jxðtþ1Þ

c ;xðtþ1Þ
p

� �
q xðtþ1Þ

c ;xðtþ1Þ
p jxðtÞc ; x

ðtÞ
p

� �

¼
pc xðtþ1Þ

c

� �
pc xðtÞc

� � � q xðtÞc jxðtþ1Þ
c ;xðtÞp

� �
q xðtþ1Þ

c jxðtÞc ;x
ðtÞ
p

� � ¼ pc xðtþ1Þ
c

� �
pc xðtÞc

� � � rð�sÞ
rðsÞ

¼ exp
E xðtÞc

� �
� E xðtþ1Þ

c

� �
Tc

2
4

3
5 � rð�sÞ

rðsÞ : ð9Þ

Note that the reverse transition is attained by selecting �s from
S.

Instead of a single candidate, we can also pick multiple candi-
dates at each iteration. The opposite extreme of using a single can-
didate is to take all the samples as candidates except the parent.
5. Experimental results

5.1. Analysis on synthetic MRF problems

5.1.1. Pairwise MRF problems
In this subsection, we analyze the performance of the proposed

MCMC-GD algorithm while varying the difficulty of the target en-
ergy functions. To this end, the synthetic MRF problems were used
so that the difficulty of the problem can be easily controlled. The
difficulty of the MRF problems depend on many factors: the ratio
of non-submodular terms, the coupling strength, the graph size,
the number of labels, the connectivity, etc.

For graph construction, we followed the synthetic MRF con-
struction in Komodakis’s work [16]. We built multi-label MRFs de-
fined on N by N grid graphs with four-neighborhood structures. We
set the unary term of each node with a randomly generated num-
ber from Gaussian distribution Nð0; 1Þ. The pairwise terms were
set as:

hstðxs; xtÞ ¼
0 if xs ¼ xt ;

kst if xs–xt;

�
ð10Þ

where kst was drawn from jN ð0;r2Þj for submodular terms and
from �jN ð0;r2Þj for non-submodular terms. The parameter q con-
trols the percentage of non-submodular terms and the parameter r
controls the coupling strength.

For MCMC-GD, identical control parameters were used for all
the experiment in this subsection. We used 100 chains and the
temperature of ith chain was set to i. For the snooker crossover,
j was randomly chosen among +1 and �1 with equal probability.
exp(s) was drawn from {0.1,0.5,2,10} with probability 0.5, 0.2, 0.2,
and 0.1, respectively. QD was set to 0.9. The effect of the control
parameters will be discussed in the later section in detail. At each
iteration, we selected single candidate. For the dynamic anchor-
based proposal, we used a single iteration of QPBO algorithm.
The single iteration of QPBO algorithm is composed of a single a-
expansion using QPBO with randomly chosen a-label. Because of
non-submodular terms, QPBO leaves unlabeled pixels. Those unla-
beled pixels were assigned to current labels. For the static pro-
posal, static anchors were obtained using TRW-S and BP-S. Please
note that the time for generating static anchor is excluded from
the running time except for the Subsection 5.3.
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There are two issues in MCMC-GD. First issue is how to assign
appropriate values for various control parameters. The effect of
choices of different parameters will be discussed in the later sub-
section. Second issue is to determine algorithms for the anchor
generation. We believe it would be hard to provide rigorous math-
ematical theories in this case. Instead, we can provide rough guide-
line to obtain better solutions. We need to understand what are
good anchors. First, good anchors have low energy. Second, good
anchors need to be well-distributed. Therefore, it is recommended
to use available state-of-the-art algorithms for anchor generation.
In addition, we suggest using various algorithms which have differ-
ent search schemes.

On the other hand, it is left up to users to make a choice of algo-
rithms to use. We propose a general framework for combining dif-
ferent algorithms. In this framework, any existing algorithms can
be combined together. We can provide only a rough guideline.
We experimentally found that it is usually better to combine
good-performing algorithms and to combine various algorithms.
It is, however, not good idea to combine too many algorithms.
Our recommendation is to use one Graph Cuts-based algorithm
and one message passing-based algorithm if both are available.

In the first set experiments, we compared the performance of
MCMC-GD and other algorithms while varying the ratio of non-
submodular terms and the coupling strength to control the diffi-
culty of the problems. It has been shown that the amount of
non-submodular terms affects the performance of QPBO by Rother
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Fig. 4. The running time of MCMC-GD applied to the synthetic problems with different n
by 200, 300 by 300, and 500 by 500. The parameter q and the coupling strength were fi
number of nodes.
et al. [24]. Our experimental results show that the performance of
other well-known algorithms such as TRW and BP also depend on
the amount of non-submodular terms. It consequently tells the dif-
ficulty of the MRF problems depends on the amount of the non-
submodular terms. The coupling strength refers to the relative
strength of pairwise versus unary terms. It is known that the
MRF problems become more difficult as the coupling strength is
getting larger [24,16]. For the comparison, we applied QPBO,
TRW-S, and two different variants of BP: BP-S [26] and BP-M
[27]. We also applied MCMC-D and MCMC-S which are the variants
of MCMC-GD.

The parameters q was set to 1%, 25%, and 50% and the coupling
strength r was set to 0.1, 2, 4, 6, and 8. On the other hand, the
number of labels and the size of the graphs are fixed to be 5 and
30 by 30, respectively. For each parameter setting, we construct
20 different instances of MRF problem. For each instance, final
energies are normalized so that the minimum energy is to be
100 and the average of the final energies was obtained.

The results of the first set of experiments are summarized in
Fig. 3. We applied MCMC-GD, MCMC-D, MCMC-S, QPBO, TRW-S,
BP-S, and BP-M. In the graph, the x-axis represents the coupling
strength and the y-axis are relative energy given by 100 � (energy
of solution)/(minimum energy)%. We obtained better results by
combination. Note that MCMC-GD always obtained the lowest en-
ergy among all other methods. Moreover, the energy gap between
MCMC-GD and others became larger as the problem was more
25
x 10000

Graph Size Time
30 x 30 1 sec

50 x 50 4 sec

100 x 100 16 sec

200 x 200 96 sec

300 x 300 218 sec

590590 sec500 x 500

umber of nodes. The number of nodes was set to 30 by 30, 50 by 50, 100 by 100, 200
xed to 50% and 8, respectively. The running time increases almost linearly with the
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W. Kim, K.M. Lee / Computer Vision and Image Understanding 115 (2011) 1623–1637 1629
difficult in terms of the ratio of non-submodular terms and the
coupling strength. The running time of MCMC-GD algorithm was
set to 8 s. QPBO is the fastest among all the methods. It took less
than 0.1 s to converge. For TRW-S, BP-S, and BP-M, the maximum
number of iterations was set to 2000. It took 3–5 s for TRW-S to
terminate and 7–9 s for BP-S and BP-M to terminate.

In the second set experiments, we analyzed the complexity and
the performance of MCMC-GD for different graph sizes. To measure
time complexity, we need to set up reasonable stopping criteria. It
is not easy to decide when the algorithm should be terminated.
When we run population-based stochastic optimization algorithms
for a long enough time (e.g., an exponentially long time), many of
them will finally end up with the globally optimal solution. This,
however, is waste of computational resources since at the early
phase of the algorithm the energy is severely decreased whereas
the decrease is too small at the late phase. Consequently, algo-
rithms need to be terminated with an appropriate stopping crite-
rion. One of the best ways is to terminate the algorithm when
the discrepancy between the global minimum energy and the cur-
rent energy is small enough. In practical cases, however, the
knowledge about global optima is usually not available. In this
experiment, instead, we first execute the algorithm for long en-
ough time to get reasonably low energy solutions. After that, we
measured the discrepancy between the energy of those solutions
and the current energy. The algorithm is terminated when the dis-
crepancy becomes less than 0.5%.

The running time is plotted on Fig. 4. The number of nodes was
set to 30 by 30, 50 by 50, 100 by 100, 200 by 200, 300 by 300, and
500 by 500. The parameter q, the coupling strength, and the num-
ber of labels were fixed to 50%, 8, and 5, respectively. For each
parameter setting, we construct 20 different instances of MRF
problem. For each instance, final energies are normalized so that
the minimum energy is to be 100 and the average of the final ener-
gies was obtained. The parameters for MCMC-GD algorithms were
set to the same as the first experiment. The discrepancy of the en-
ergy was measured at every second. For 30 by 30 graph the algo-
rithm converged in one second and for 500 by 500 graph the
algorithm converged in 590 s. The detailed results are summarized
in Fig. 4. The running time increases almost linearly with the num-
ber of nodes. In Fig. 5, relative energies of algorithms applied to the
synthetic problems with different number of nodes are shown.
MCMC-GD always found lowest energy solution without regard
to the graph size. The ranking and the relative energies of algo-
rithms remain almost same across different graph sizes.

Fig. 5 shows the comparison of the final energy values obtained
by different algorithms while varying the number of nodes. MCMC-
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Fig. 5. Relative energies of algorithms applied to the synthetic problems with
different number of nodes. The number of nodes was set to 30 by 30, 50 by 50, 100
by 100, 200 by 200, 300 by 300, and 500 by 500. The parameter q and the coupling
strength were fixed to 50% and 8, respectively. MCMC-GD always found lowest
energy solution among all applied algorithm. Note that relative energy of each
algorithm is almost similar without regard to the number of nodes.
GD, QPBO, TRW, BP-S is used for the experiments. MCMC-GD al-
ways obtained the lowest energy solution among the tested algo-
rithms. The performance between algorithms remains relatively
unchanged with increase in the number of nodes. It suggests that
the graph size does not have significant influence on the relative
performance of the algorithms.

In the third set experiments, we compared the performance of
MCMC-GD for different number of labels. The number of labels
was set to 5, 10, 15, 20, 25, and 30. The parameter q, the coupling
strength, and the size of the graph were fixed to 50%, 8, and 30 by
30, respectively. For each parameter setting, we construct 20 dif-
ferent instances of MRF problem. For each instance, final energies
are normalized so that the minimum energy is to be 100 and the
average of the final energies was obtained.

Fig. 6 shows the comparison of the final energy values obtained
by different algorithms while varying the number of labels. MCMC-
GD, QPBO, TRW, BP-S is used for the experiments. MCMC-GD al-
ways obtained the lowest energy solution among the tested algo-
rithms. As the number of labels gets larger, the performance of
QPBO was degraded. On the other hand, the performance of TRW
and BP-S was enhanced when the number of labels gets larger.

In the fourth set experiments, we compared the performance of
MCMC-GD while varying the number of neighbors (i.e. connectiv-
ity). Contrast to previous experiments, we did not used grid graph
to easily control the connectivity of graphs. The number of graph
was set to 33 and the neighborhood structure is following. For
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Fig. 9. Algorithm robustness to the temperature setting. Experiments were
performed on the synthetic MRF problems. The parameter q was set to 50% and
the coupling strength was set to 8. The algorithm is stable to change of the
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the neighborhood structure, we assign the nodes i � k, . . . , i � 1,
i + 1, . . . ,i + k as neighbors of the nodes i. In this case, the connec-
tivity of graph is 2k. In case connectivity is 32, the graph is fully
connected. The connectivity was set to 4, 8, 16, and 32. The param-
eter q, the coupling strength, the number of graphs, and the size of
the graph were fixed to 50%, 8, 5, and 30 by 30, respectively. For
each parameter setting, experiments were repeated 20 times with
different random number seeds to generate 20 different target
functions and the average of the final energies was obtained.

Fig. 7 shows the comparison of the final energy values obtained
by different algorithms while varying the connectivity of graphs.
MCMC-GD, QPBO, TRW, BP-S is used for the experiments. MCMC-
GD always obtained the lowest energy solution among the tested
algorithms. As the connectivity gets larger, the performance of
QPBO and BP was degraded. On the other hand, the performance
of MCMC-GD and TRW remained relatively unchanged.

5.1.2. Parameter analysis
In this subsection, we analyze the performance of the proposed

MCMC-GD algorithm while varying the parameters used in MCMC-
GD. The parameters include QD, which is the ratio of the dynamic
and static anchor-based proposals, the temperatures, and the num-
ber of chains (i.e. the population size). We are going to examine
how stable MCMC-GD is with respect to the selection of the
parameters.

Throughout the experiments in this subsection, the algorithm is
tested on the same set of energy functions. The energy is defined
on 30 by 30 grid graph. The unary and pairwise terms are defined
the same way as in the previous subsection. The parameters for the
graph were fixed as follows: The ratio of non-submodular term q
was set to 50%; the coupling strength was set to 8; and the number
of the graph was fixed to 5. We construct 20 different instances of
MRF problem. For each instance, final energies are normalized so
that the minimum energy is to be 100 and the average of the final
energies was obtained.

In the first set of experiments, we analyzed the performance of
MCMC-GD while varying the parameter QD. The parameter QD con-
trols the relative weight of the dynamic and static anchor-based
proposals. When the QD gets larger, the algorithm uses more dy-
namic anchor-based proposals, and vice versa. The other parame-
ters and settings were fixed to the same as in previous subsection.

Fig. 8 shows the comparison of the final energy values obtained
by MCMC-GD while varying the parameter QD. The parameter QD

was changed from 0.1 to 0.9 by 0.1. In every case, the final relative
energy was less than 100.2%. It shows that MCMC-GD is stable
with choices of the parameter QD as long as it is not chosen from
0 or 1.
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Fig. 8. Sensitivity of the proposed algorithm w.r.t. parameter QD. Experiments were
performed on the synthetic MRF problems. The parameter q and the coupling
strength were set to 50% and 8. The algorithm is stable to change of the parameter
QD.
In the second set of experiments, we analyzed the performance
of MCMC-GD while varying the temperature for each chain.
Throughout all the experiments, only the maximum and minimum
temperatures are defined. In-between values are defined by linear
interpolation of them. The maximum temperature was varied from
1 to 10,000 and the minimum temperature was varied from 0.1 to
1000. The other parameters and settings were fixed to the same as
in previous subsection.

Fig. 9 shows the comparison of the final energy values obtained
by MCMC-GD while varying the temperatures of chains. In every
case, the final relative energy was less than 101%. It shows that
MCMC-GD is stable with choices of the temperature as long as it
is selected from a reasonable range.

In the third set of experiments, we analyzed the performance of
MCMC-GD while varying the number of chains. Fig. 10 shows the
comparison of the final energy values obtained by MCMC-GD while
varying the number of chains. In every case, the final relative en-
ergy was less than 100.1%. It shows that MCMC-GD is stable with
choices of the number of chains as long as it is selected from a rea-
sonable range.
5.1.3. Higher-order MRF problems
We also evaluated the proposed algorithm on the higher-order

MRF synthetic problems. For the experiments, we constructed 10
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Fig. 11. The energy gaps between QPBO and MCMC-GD against the difficulties of the problems. The energy gaps are given by (energy of QPBO) � (energy of MCMC-GD).
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individual experiment and the histogram of the blue dots is drawn by yellow bars. (For interpretation of the references to color in this figure legend, the reader is referred to
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Table 1
Average energies of the solutions over 1000 instances of synthetic problems.

MCMC-GD QPBO BP

Energy 1737.3 1797.3 2283.5

Fig. 12. Input images of photomontage. (a) Lab images, (b) book
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by 10 grid graphs with unary and higher-order potentials. The la-
bels were discrete values between 0 and 255. To define unary
terms, random values rs between 0 and 255 are first assigned for
each node s. Unary potential was defined by Normal distribution
functions which have randomly assigned values as mean values
and 20 as standard deviation:
shelf images, (c) family images, and (d) landscape images.
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hsðxsÞ / exp �ðxs � rsÞ2

2 � 202

( )
: ð11Þ

Higher-order clique potentials were defined by Fields of Experts
(FoE) [22]:

hcðXcÞ /
YK

i¼1

1þ 1
2
ðJi � xcÞ2

� ��ai

; ð12Þ

where Ji is an n � n linear filter, K is the number of filters, and ai is a
positive value. The parameters Ji and ai are learned from a database
of natural images. Instead of learning, however, we randomly gen-
erated parameters for the experiments here. Each element of the fil-
ter Ji and the parameter a were drawn from the uniform
distribution in the interval (�1,1] and (0,2], respectively. The num-
ber of the filters was set to three.

First experiment of the higher-order MRFs shows how the per-
formance changes against the unary strength. We applied QPBO [8]
and MCMC-GD to randomly generated MRF problems while chang-
ing the unary strength. The unary strength was set to 0.2, 0.4, 0.6,
0.8, and 1.0. For each unary strength setting, we construct 20 dif-
ferent instances of MRF problem. For each instance, final energies
are normalized so that the minimum energy is to be 100 and the
Fig. 13. Photomontage results. The input images are shown in Fig. 12a. There is no single
merged image with five front-view faces. First and third rows show the resulting ph
corresponding color-coded image according to the labeling. Although energy function en
seams. On the other hand, MCMC-GD, a-Expansion, and TRW-S give qualitatively good re
referred to the web version of this article.)
average of the final energies was obtained. For MCMC-GD, we set
the number of chains and the temperatures to the same values
as in previous experiments. The random variable j and exp(s)
was also drawn from the same distribution as in previous ones.
At each iteration, we selected all sample except the parent as can-
didate. In this experiment, we only use dynamic anchors by setting
QD to 0. For the dynamic anchor generation, QPBO was used. The
running time of MCMC-GD are set to 30 s.

The results of the first experiment are summarized in Fig. 11a.
The x-axis is unary strength and the y-axis is energy gap (energy
difference) between QPBO and MCMC-GD. Note that MCMC-GD al-
ways obtains the lower energy than QPBO. The energy gap is get-
ting larger when the problems are more difficult.

The second experiment of the higher-order MRFs analyzes the
affect of non-submodular terms which are inevitable when we re-
duce higher-order clique potentials into pairwise ones. However, it
is impossible to control the amount of non-submodular terms by
manipulating higher-order clique potentials. Instead, we carried
out 1000 experiments on the randomly generated MRF problems.
And then, we estimated the amount of the non-submodular terms
by estimating the difficulties using the percentage of the unlabeled
nodes in QPBO process. It is well known that the unlabeled nodes
in QPBO can be used to measure the difficulties of the problems
[24].
input image in which everybody is looking at the camera. The goal is to generate a
otomontage images of the each algorithm. Second and forth rows represents the
forces seams visually unnoticeable, ICM, ab-Swap, BP-S, and BP-M produce distinct
sults. (For interpretation of the references to color in this figure legend, the reader is
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Fig. 14. Experimental results on the photomontage problem: (a) Lab images, (b) bookshelf images, (c) family images, and (d) landscape images. Each result is depicted three
times with increasing scale from left to right. In all cases, MCMC-GD found the solution with the lowest energy.
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Table 2
Energy and PSNR for four images using MCMC-GD and QPBO algorithms. Both
algorithms are run for 3000 s.

Test image MCMC-GD QPBO [8]

Energy PSNR Energy PSNR

Berkeley001 19278 27.20 20115 26.51
Berkeley002 20213 28.11 20964 27.67
Berkeley003 19351 25.93 19884 25.76
Berkeley004 32288 24.61 33040 24.28

1634 W. Kim, K.M. Lee / Computer Vision and Image Understanding 115 (2011) 1623–1637
The results for second experiment are summarized in Table 1
and Fig. 11b. Table 1 contains the average energies of the solutions
from each algorithm over 1000 instances. MCMC-GD obtains the
lowest energy solutions. Fig. 11b shows the results in more detail.
Each green dot represents each instance of experiments. The x-axis
is ratio of the unlabeled pixels in QPBO. The bigger it is, the harder
problem is. The y-axis is energy gap (energy difference) between
QPBO and MCMC-GD. We also depicted the average energy gaps
for every 10% with yellow bars. It is shown that the energy gap be-
tween QPBO and MCMC-GD is getting larger as the problem be-
comes more difficult.

5.2. Results on real problems

5.2.1. Photomontage
We also applied MCMC-GD to a practical vision problem known

as photomontage [1,26]. The photomontage problem seamlessly
stitches multiple number of photos. Given a set of input images
I1,I2, � � � ,IL, the goal is to output a merged image by copying colors
from one of the input images per pixel. It usually begins with some
user strokes as a hard constraint. For each image, a user makes
marks which are desired to appear in output image. With this hard
Fig. 15. Input images of inpainting. (a) Berkeley001, (b)
constraint, the photomontage merges input images into a single
output image. In this experiment, the energy model was set to
the same as that in Szeliski et al.’s paper [26] (second benchmark
in photomontage). We used five input images so that the number
of labels was also five. We applied our MCMC-GD algorithm as well
as other methods.

Among all the benchmark MRF problems in Szeliski et al.’s com-
parative study [26], the photomontage is considered as the most
difficult problem due to the intrinsic property of the energy formu-
lation. It is because the energy of the photomontage problem is
dominated by the smoothness cost. As shown in the previous sub-
section, large coupling strength makes the problem more difficult.
In addition, the function itself is non-submodular which conse-
quently leads the truncation for a-Expansion method. We also
empirically found that fewer user strokes and larger clutter in
the image made the problem even harder.

Now, the settings for MCMC-GD algorithm are as follows.
First of all, we used 100 chains and the temperature of ith chain
was set to i � 100. The temperature was set to be a little higher
than the synthetic cases due to the size of problems. We exper-
imentally found that higher temperature setting gives better re-
sults when the size of problems are getting larger although the
algorithm is rather robust to the change of the temperature
(note Section 5.1.2). At each iteration, we selected all sample ex-
cept the parent as candidates. This is better than single candi-
date because single move of the move-making deterministic
algorithm takes long time in this problem. For the dynamic an-
chor-based proposal, we used five iterations of a-Expansion algo-
rithm. Note that the number of iterations was set to the same as
the number of labels. For the static proposal, static anchors were
obtained using TRW-S. The parameter settings for the snooker
crossover were the same as used for the synthetic MRF problems
in the previous subsection. For TRW-S, BP-S, and BP-M, the max-
imum number of iterations was set to 2000.
Berkeley002, (c) Berkeley003, and (d) Berkeley004.
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The input images are shown in Fig. 12. User strokes are repre-
sented by the white pixels. An example of quantitative results is
provided in Fig. 13. Upper row shows the resulting photomontage
image of the each algorithm, and the lower row exhibits the corre-
sponding color-coded image according to the labeling. Fig. 14 pre-
sents the comparative energy plots of all the test algorithms
against running time in seconds. Note that MCMC-GD algorithm al-
ways reached the lowest energy state among all other methods.
The preprocessing time for obtaining the static anchor was not
counted on the graph.

5.2.2. Inpainting
We also applied MCMC-GD to image inpainting which was for-

mulated as higher-order MRF model. The energy function for
inpainting is difficult to minimize because it does not have unary
terms. It is shown in previous section that the smaller unary
strength makes the problems more difficult. Therefore, inpainting
(a)
Fig. 16. The inpainting results of the Berkeley001 image. (a) Qualita

(a)
Fig. 17. The inpainting results of the Berkeley003 image. (a) Qualita
problem is an appropriate application to compare the performance
of the algorithms.

Given original image, we first mark 70% of pixels as ‘un-
known’. In Figs. 16a and 17a, unknown pixels are represented
by red color. And then, the goal is to restore the intensity values
for those pixels. As a prior, we used FoE model which is learned
in Roth’s work [22].

Now, the settings for MCMC-GD algorithm are as follows. We
used 100 chains and the temperature of ith chain was set to i.
The random variable j and exp(s) was drawn from the same distri-
bution in previous experiments. At each iteration, we selected all
sample except the parent as candidate. By setting QD to 0, we only
used dynamic anchors. For dynamic anchor generation, 10 itera-
tions of QPBO were used.

We experimented on four images in the Berkeley segmentation
database [19]. Final energies and the PSNR from QPBO and
MCMC-GD are listed in Table 2. PSNR is the Peak Signal-to-Noise
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Ratio given by 20log10(255/r) where r is the standard deviation of
the intensity difference between the solution and the ground truth
images. MCMC-GD always found lower energy solutions with high-
er PSNR. Original images of experiments are shown in Fig. 15. Both
quantitative and qualitative results are shown in Figs. 16 and 17. In
Figs. 16a and 17a, bottom left is the enlarged result image of QPBO
and bottom right is that of MCMC-GD. We can see MCMC-GD pro-
duced less artifacts and the result of it looks better especially near
the boundaries. Figs. 16b and 17b show the energy versus time
graph. While QPBO converges fast and almost does not decrease
the energy after about 200 s, MCMC-GD kept decreasing the energy
of the solution much lower than QPBO. The ratio of marked pixels
also affects the performance of algorithm. By marking more pixels,
we can make the problem more difficult. It is because more marked
pixels means bigger problem size and larger connectivity. We
found out that when more pixels are marked, the difference in per-
formance between MCMC-GD and QPBO became larger, and vice
versa.
5.3. Alternative approach: parallel anchor generation

In the preceding experiments, we presented the experimental
results while excluding the running time for obtaining the static
anchors. To obtain the static anchors, message passing algorithms
are run before the MCMC-GD algorithm starts. For a fair compari-
son, the running time for obtaining the static anchors should be in-
cluded. It consequently makes the MCMC-GD algorithm less
satisfactory in terms of the time complexity.

In this subsection, we propose an alternative approach which
shortens the whole running time including the time for generating
the static anchors. Instead of running the message passing algo-
rithms before the MCMC-GD algorithm starts, we propose to run
the message passing algorithms in parallel with MCMC-GD sam-
pling. For example, we can alternately perform the single iteration
of the message passing algorithm and the single iteration of the
MCMC-GD sampling. In that case, the static anchor will not remain
same but changed as algorithm runs. The static anchor-based pro-
posals will be generated with unconverged solutions. This idea can
be generalized by alternately running the N iterations of the mes-
sage passing algorithm and M iterations of the MCMC-GD
sampling.

Fig. 18 shows the comparison of the original MCMC-GD and its
alternatives on Lab images. MCMC-GD(M:N) refers the variation of
MCMC-GD, where M iterations of the message passing and N iter-
ations of the sampling is alternatively performed. In the original
MCMC-GD, the sampling procedure starts after 1000 s. In its varia-
tions, on the other hands, the sampling procedure starts at the
beginning phases. It is shown that the alternative approach effec-
tively reduce the total running time for MCMC-GD.
6. Conclusion

Although there have been great advances in solving simple
MAP-MRF based vision problems, optimizing more complex MRF
problems is still remained as challenging. Examples of the complex
MRF problems include non-submodular energy functions, strongly
coupled MRF, and high-order clique potentials. Most existing opti-
mization algorithms have inherent limitations in solving those dif-
ficult problems. In this paper, we proposed a new efficient
algorithm called MCMC-GD that could cope with those difficult
MRF problems. Basically, MCMC-GD is the sampling-based method
(Pop-MCMC) combined with deterministic methods. By combina-
tion, the deterministic methods help the sampling-based method
to rapidly move into the lower energy state. Moreover, the deter-
ministic methods make the sampling-based method jump easily
from one basin to another over the energy barrier. Consequently,
the mixing rate was increased and we achieved faster convergence
and better solutions. On the other hand, the sampling-based meth-
od helps deterministic methods not to be stuck in local minima.
We experimentally showed that the proper combination of the dif-
ferent approaches could substantially improve the overall perfor-
mance. Our new energy minimization framework will be useful
in solving many challenging vision problems. Consequently, this
will encourage the design of better yet more complex energy mod-
els for practical vision applications.
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