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Abstract—We propose a novel tracking algorithm based on the Wang-Landau Monte Carlo (WLMC) sampling method for dealing with

abrupt motions efficiently. Abrupt motions cause conventional tracking methods to fail because they violate the motion smoothness

constraint. To address this problem, we introduce the Wang-Landau sampling method and integrate it into a Markov Chain Monte

Carlo (MCMC)-based tracking framework. By employing the novel density-of-states term estimated by the Wang-Landau sampling

method into the acceptance ratio of MCMC, our WLMC-based tracking method alleviates the motion smoothness constraint and

robustly tracks the abrupt motions. Meanwhile, the marginal likelihood term of the acceptance ratio preserves the accuracy in tracking

smooth motions. The method is then extended to obtain good performance in terms of scalability, even on a high-dimensional state

space. Hence, it covers drastic changes in not only position but also scale of a target. To achieve this, we modify our method by

combining it with the N-fold way algorithm and present the N-Fold Wang-Landau (NFWL)-based tracking method. The N-fold way

algorithm helps estimate the density-of-states with a smaller number of samples. Experimental results demonstrate that our approach

efficiently samples the states of the target, even in a whole state space, without loss of time, and tracks the target accurately and

robustly when position and scale are changing severely.

Index Terms—Object tracking, abrupt motion, Wang-Landau method, density-of-states, N-fold way, Markov Chain Monte Carlo

Ç

1 INTRODUCTION

VISUAL tracking is a well-known problem in the
computer vision community. It has been utilized in

many computer vision applications, including surveil-
lance, augmented reality, medical imaging, and other
intelligent vision systems. Recently, the trends of many
tracking systems have focused on addressing a complex
outdoor scenario rather than a simple lab environment
[1]. In this scenario, tracking a target becomes very
challenging because the scenario typically contains abrupt
changes in the appearance and motion of the target.
Recently, online learning techniques have started to tackle
the problem of abrupt changes in the appearance [2], [3],
[4], [5], [6], [7], [8], [9], [10] wherein the appearance model
is adapted with the online update to describe the
changing appearance of the target. However, most
conventional tracking methods rarely consider abrupt
motions and easily fail to track the target when abrupt
changes in the position and scale of the target occur [7],
[9], [11], [12], [13], [14]. The objective of this work is to
track the target accurately even though its position and
scale severely change over time.

Although more generally applicable, this paper focuses

on the robust tracking of a target whose motion is mostly

smooth, but rapidly changes over one or more small

temporal intervals. This type of motion typically occurs in
three challenging situations:

1. A video that has a partially low frame rate.
2. A target rapidly moves over one or more small

temporal intervals.
3. A video that consists of edited clips acquired from

several cameras.

Fig. 1 illustrates the tracking results under the first
situation. These situations are very challenging because
they contain both smooth and abrupt motions, which
cannot be accurately tracked at the same time by conven-
tional tracking methods. If a tracking method focuses on
improving performance in the smooth motions, it may miss
the abrupt motions of the target. On the other hand, if the
method tries to track the abrupt motions robustly, the
accuracy of tracking the smooth motions may decrease.

The philosophy of our method is that the smooth and
abrupt motions can be efficiently tracked at the same time
by trading off two factors in the acceptance ratio of Markov
Chain Monte Carlo (MCMC), namely, the marginal like-
lihood (ML) term and the density-of-states (DOS) term. The
ML term gives information about where the target object
might be. It calculates the marginal likelihood estimate over
the states within each disjoint-subregion of the state space.
If the term has a high value at a certain subregion, then the
subregion includes the states of the target with a high
probability. In the sampling process, the ML term helps
further simulate the seemingly good moves at the region
near the current local maximum, which have been already
explored enough. By this sampling strategy, our method
can increase the accuracy of the smooth motions. We call
this process exploitation.

On the other hand, the DOS term informs our method
about which subregions are sufficiently searched. If the term
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has a high value at a certain subregion, then the method
obtains sufficient samples from the subregion. Utilizing this
term, the method simulates the moves at the region far from
the current local maximum, which has not been greatly
explored. Thus, the method has a chance to capture the
abrupt motions of the target. This process is called
exploration. As it is intractable to accurately calculate the
DOS in all subregions, the Wang-Landau sampling method
approximately estimates them through a Monte Carlo
simulation [15]. By making full use of the exploitation ability
of the ML term with the exploration ability of the DOS term,
our method tracks both smooth and abrupt motions
accurately and robustly. Fig. 2 shows examples of the two
different types of moves: exploitation and exploration. Note
that exploitation and exploration are well-known concepts in
the statistics and applied mathematics literature [16].

In this paper, we propose an effective Wang-Landau
Monte Carlo (WLMC)-based object tracking framework to
deal with the abrupt motions in unconstrained videos
obtained from broadcasting media, such as music concerts,
sports events, and movies. The main contributions of our
work are as follows:

. We propose a new Wang-Landau Monte Carlo-
based tracking method [17], and provide a unified
framework to track both smooth and abrupt mo-
tions. To the best of our knowledge, we are the first
to introduce the Wang-Landau sampling method
[15], [18] to address the tracking problem. In the
framework, our method provides an efficient sam-
pling schedule by employing the DOS information.
It encourages sampling from less-visited subregions
of the state space while spending more time to
explore subregions where the target might be. With
the scheduling, our method provides a statistical
way to reach the global maximum.

. We modify the Wang-Landau sampling method to
an annealed version and present a new annealed
Wang-Landau Monte Carlo (AWLMC)-based track-
ing method [17]. When the Wang-Landau sampling
method obtains diverse samples in a whole state
space, it needs a vast number of samples. To enhance
the efficiency of the sampling process, our method
sequentially reduces the state space into a smaller
one, which contains the target states compactly. We
utilize the marginal likelihood and DOS information
to reduce the state space.

. We extend the WLMC-based tracking method into a
new N-Fold Wang-Landau (NFWL)-based one to
maintain good performance when the dimension of
the state space increases. The performance of the

WLMC-based tracking method and its annealed
version depends on the accuracy of the DOS
estimate. However, given a fixed number of sam-
ples, the accuracy substantially decreases as the
dimension of the state space increases. To preserve
good performance in the high-dimensional state
space, we adopt the N-Fold way algorithm [19]
which can estimate the DOS with a very small
number of samples. Moreover, the NFWL-based
tracking method is a rejection-free algorithm. It
always accepts the proposed states using its efficient
proposal density. This property also enables the
method to need a smaller number of samples. With
the efficient sampling in the high-dimensional state
space, our NFWL-based tracking method success-
fully tracks the target even when there are drastic
changes in scale as well as position.

The paper is organized as follows: We introduce the
related works in Section 2 and briefly explain the conven-
tional MCMC-based tracking method in Section 3. Then, we
present our WLMC-based tracking method in Section 4, and
extend the method to the AWLMC-based tracking method
and the NFWL-based tracking method in Sections 5 and 6,
respectively. Section 7 gives the experimental results. In
Section 8, we conclude the paper with discussions.

2 RELATED WORKS

Although there may be a long history of research on visual
tracking, we only introduce in detail the works that are
directly related to ours, which is based on the sampling
method. In sampling-based tracking methods, the particle
filter (PF) shows its robustness for visual tracking by
handling non-Gaussianity and multimodality of a target
density, and by reflecting the uncertainty of the target
motion [20], [21], [22]. The particle filter is extended to the
joint particle filter for the multi-object tracking problem
[23], [24]. However, the joint particle filter suffers from
exponential complexity as the state space increases. MCMC
reduces the computational cost in high-dimensional state
space, which has been intensively used by many tracking
methods in recent years [25], [26]. On the other hand, Data-
Driven MCMC [27] provides quick convergence results
with efficient proposals. However, a common problem of
these methods is that they need a large amount of samples
to track the abrupt motion. The number of samples
exponentially increases as the motion becomes more abrupt.
This means that computational complexity also exponen-
tially increases.

To deal with the abrupt motion, most conventional
approaches improve proposal models or inference methods.
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Fig. 2. Two different types of moves. Exploitation moves deal with the
smooth motions, while exploration moves cover the abrupt motions of
the target.

Fig. 1. Example of our tracking results in the Snowboard sequence. Our

tracking method successfully tracks the target even though there are

severely abrupt changes in the position and scale of the target.



(i.e., Sequential belief propagation MC, quasi-random sam-
pling (QR), adaptive MCMC (AMCMC) sampling, particle
swarm optimization (PSO), and stochastic approximation).
In this section, we focus on the weakness of the conventional
approaches and show the advantages of our method.

Sequential belief propagation MC [28] is proposed to
overcome abrupt motion such as the unexpected dynamics
changes of the target. The method overcomes abrupt motion
by combining a set of particle filters in which searching and
matching are done collaboratively in different scales.

Quasi-random sampling [29] addresses the problem of
tracking pedestrians from a moving car. To cope with
abrupt changes in motion and shape, it combines the
particle filter with quasi-random sampling. This method
has two drawbacks. First, to track smooth motions, it
chooses highly weighted particles and samples new states
that are densely located around the states of those particles.
However, if there are a few strong local maxima, most
samples get trapped in those local maxima. Second, to
capture the abrupt changes, the method uses uniform
sampling over the entire state space. However, if the entire
state space is very large, uniform sampling can be wasteful.

The Adaptive MCMC algorithm [30] automatically
changes the proposal variance of MCMC as the Markov
Chain goes on. The proposal variance is tuned to produce an
acceptance ratio as close as possible to the optimal value of
0.44 [31]. This adaptive scheme is highly helpful in tracking
the abrupt motion. If the motion is abrupt, the acceptance
ratio usually decreases because the proposal with a small
variance cannot cover this motion. To preserve the optim-
ality of the acceptance ratio, the algorithm adaptively
increases the proposal variance. However, this algorithm
also has drawbacks. The algorithm does not provide a
systematic way of escaping the local maxima and has no
efficient sampling strategy to deal with large state space.

Particle swarm optimization [32] is employed to deal with
the abrupt motion in contour tracking problems. For this, the
method proposes a two-layer tracking framework in which
PSO is successfully combined with a level set evolution. In
the first layer, PSO is adopted to capture the global motion of
the target and to help construct the coarse contour. In
the second layer, level set evolution based on the coarse
contour is carried out to track the local deformation.
However, in the PSO method, there is a possibility that most
samples will get trapped in a few strong local maxima.
Hence, the PSO method fails to track highly abrupt motions.

The recently introduced Stochastic approximation Monte
Carlo (SAMC)-based tracking scheme [33] shows computa-
tionally efficient and effective performance in dealing with
abrupt motion difficulties. However, the SAMC-based
tracking method cannot cover abrupt changes in the scale
and fails to track the target. Note that the abrupt scale
changes of objects frequently occur in unconstrained videos
under general settings.

Compared with the aforementioned methods, our
method has three advantages as follows: The first advan-
tage is that our method offers a systematic way to escape
the local maxima and to reach the global maximum. If the
method gets trapped in a certain subregion for a long time,
the DOS term prevents the method from obtaining more
samples from that subregion and forces it to get samples

from other subregions. The second is to provide an efficient
sampling schedule that can cope with the increased search
space given a limited number of samples. With the
sampling schedule, our method obtains more samples at
the subregions where local maxima might exist. Meanwhile,
the exploration of other subregions is at least guaranteed to
some degree. The last is that our method automatically
increases or decreases the proposal variance. Depending on
the DOS score, our method adaptively explores near
subregions with small variances and distant subregions
with large variances.

3 MCMC-BASED TRACKING ALGORITHM

3.1 Bayesian Formulation

The goal of our tracking method is to find the best state of a
target with a given observation. The state at time t is
represented as a 3D vector Xt ¼ ðXx

t ;X
y
t ;X

s
t Þ, where Xx

t ,
Xy
t , and Xs

t indicate the x, y position and scale of the target,
respectively. The tracking problem is then usually formu-
lated as the Bayesian filtering. Given the state of the target
at time t, Xt, and the observation up to time t, Y1:t, the
Bayesian filter updates the posterior distribution pðXtjY1:tÞ
by the following rule:

p
�
XtjY1:t

�
/ p
�
YtjXt

� Z
p
�
XtjXt�1

�
p
�
Xt�1jY1:t�1

�
dXt�1;

ð1Þ

where pðYtjXtÞ denotes the appearance model that mea-
sures how much the target object and observation at the
proposed state coincide, and pðXtjXt�1Þ represents the
motion model that proposes the next state Xt based on
the previous state Xt�1. The appearance model generally
utilizes color, edges, or texture as a feature [1].

With the posterior distribution pðXtjY1:tÞ, which is
computed by the appearance model and the motion model,
we obtain the Maximum a Posteriori (MAP) estimate over
the N number of samples at each time t:

X̂t ¼ arg
X
ðlÞ
t

max p
�
X
ðlÞ
t jY1:t

�
for l ¼ 1; . . . ; N; ð2Þ

where X̂t ¼ ðX̂
x

t ; X̂
y

t ; X̂
s

t Þ denotes the best state at time t
given the observation Y1:t, and N is the total number of
samples. In (2), the best sample X̂t is chosen among the
N number of samples fXðlÞt g

N
l¼1, which produces the highest

posterior probability value pðXðlÞt jY1:tÞ.

3.2 Algorithm

The integration in (1) is not feasible in a large state space. To
solve this problem, we utilize the Metropolis Hastings (MH)
algorithm [34], a popular MCMC sampling method. The
MH algorithm defines a single Markov Chain and acquires
samples over the chain. To obtain samples, two main steps
are performed, namely, the proposal step and the accep-
tance step. These two steps iteratively go on until the
number of iterations reaches a predefined value.

3.2.1 Proposal Step

The proposal step proposes a new state given the previous
state based on some prior knowledge about the motion. The
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most commonly used prior knowledge about the motion is
that the transition is governed by the Gaussian distribution.
Thus, the proposal density is designed by

Q
�
X0t; Xt

�
¼ G

�
Xt; �

2
�
; ð3Þ

where X0t is the new state and G denotes the Gaussian

function with mean Xt and variance �2.

3.2.2 Acceptance Step

The acceptance step determines whether the next state X0t is
accepted or not:

a ¼ min 1;
p
�
X0tjY1:t

�
Q
�
Xt; X

0
t

�
p
�
XtjY1:t

�
Q
�
X0t; Xt

�
" #

; ð4Þ

where pðX0tjY1:tÞ denotes the posterior probability over the

state X0t andQðX0t; XtÞ represents the proposal density in (3).

3.2.3 Bayesian Filtering Step

With (3), (4), the MCMC-based tracking method bases a
new approach on a different Monte Carlo approximation of

the posterior, in terms of unweighted samples, which is
introduced in the work of Khan et al. [25]. Based on [25], the
method obtains the following Monte Carlo approximation
to the exact Bayesian filtering distribution pðXtjY1:tÞ in (1):

pðXtjY1:tÞ � pðYtjXtÞ
XN
l¼1

p
�
XtjXðlÞt�1

�
; ð5Þ

where pðYtjXtÞ denotes the likelihood term over state Xt

and pðXtjXðlÞt�1Þ represents the proposal density that
proposes a new sampled state Xt at time t based on the
lth sampled state at time t� 1. The predictive priorR
pðXtjXt�1ÞpðXt�1jY1:t�1Þ dXt�1 ¼ pðXtjY1:t�1Þ is also ob-

tained by the Monte Carlo approximation:

pðXtjY1:t�1Þ �
XN
l¼1

p
�
XtjXðlÞt�1

�
: ð6Þ

In (5), (6), the proposal density randomly selects a sample
X
ðlÞ
t�1 and moves the selected sample according to the

second-order autoregressive function, and uses the result as
the initial state of the Xt Markov chain. Then, the sampling

procedure results in a unweighted particle approximation
for the posterior pðXtjY1:tÞ � fXðlÞt g

N
l¼1, as derived in [25].

3.3 Summary

In the MCMC-based tracking method, the choice of the
proposal variance in (3) is very critical to the success of
tracking because the variance determines the range of
movement at one proposal step. The variance has to be

tuned to a larger value for rapid motions and, conversely, a
smaller value for slow ones. In that sense, the proposal
in (3) cannot efficiently propose a new state, especially in an

abrupt motion case. Moreover, with the acceptance ratio in
(4), the Markov Chain frequently gets trapped in the local
maxima when the search space is increased due to the
abrupt motions. Therefore, the conventional MCMC-based

tracking methods are generally weak to abrupt motions,
although they achieve great success in less challenging

tracking problems [25], [26]. Our WLMC-based tracking
method presented in the next section solves this problem.

4 WLMC-BASED TRACKING ALGORITHM

4.1 Preliminary

The state space S is defined by a set of all possible states:
S ¼ fðXx

t ;X
y
t ;X

s
t ÞjðXx

t ;X
y
t ;X

s
t Þ 2 Dg, where D represents

the domain of the states and Fig. 3a illustrates an example
of the states. The state space S consists of the Cartesian
product of the state space of position and scale, S ¼ Sp � Ss,
where Sp ¼ fðXx

t ;X
y
t ÞjðXx

t ;X
y
t Þ 2 Dpg, Ss ¼ fXs

t jXs
t 2 Dsg,

and Dp and Ds represent the domain of position and scale,
respectively. As an abrupt motion occurs by the change of
the position in many cases, in this section we assume that the
scale of the target is smooth over time, and only consider
abrupt changes in the state space of position, Sp. Then, to
cope with abrupt motion, Sp is divided into d disjoint
subregions: Sp ¼

S
Spi and

T
Spi ¼ � for i ¼ 1; . . . ; d. A sim-

ple dividing strategy is to partition Sp into equal-size grids,
as shown in Fig. 3b. This strategy empirically provides
sufficient results for our tracking problem.

4.2 Algorithm

Our WLMC-based tracking method consists of three steps:
the proposal step, the acceptance step, and the estimation
step. Compared with the conventional MCMC-based track-
ing method, our method inserts the novel DOS term into the
acceptance ratio of MCMC, which is calculated by the
estimation step.

4.2.1 Proposal Step

As mentioned in the preliminary section, let us consider
abrupt changes in position only and assume that the scale of
the target is smoothly changing over time. With this
assumption, we design two different types of proposal
densities for the position and the scale. To cope with abrupt
changes in position, we make the proposal density using
Gaussian perturbation with a large variance:

Q
�
Xx0

t ;Xx
t

�
¼ G

�
Xx
t ; �

2
x

�
;

Q
�
Xy0

t ;Xy
t

�
¼ G

�
Xy
t ; �

2
y

�
;

ð7Þ

where Xx0

t and Xy0

t represent the new x and y positions,
respectively, and �2

x and �2
y denote the proposal variance of

the x and y coordinates, respectively. The efficiency of the
proposal step is very important for the success of tracking.
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Fig. 3. Example of a state and subregion. (a) ðXx
t ;X

y
t Þ represents the

center position of the target and Xs
t indicates the scale where w and h

are the width and height of the initial size of the target, respectively.
(b) Sp is divided into 30 equal-size subregions (d ¼ 30).



Note that the proposal density in (7) can be wasteful due to
large variance if it proposes many unnecessary states where
the target might not exist. Our method solves this
inefficiency in the acceptance step through the use of the
DOS term.

For designing smooth changes in scale, we adopt the
second-order autoregressive model [35], which proposes a
new state Xs0

t based on the previous states Xs0
t�1; X

s0
t�2 with a

deterministic mapping function and a stochastic disturbance:

Q
�
Xs0

t ;Xs
t

�
¼ 2Xs

t�1 �Xs
t�2 þG

�
0; �2

s

�
; ð8Þ

where �2
s is the proposal variance of the scale coordinate.

The autoregressive process fits our smoothness assumption
of scale well because it is a time series modeling strategy
which takes into account the historical data to predict a
new state.

4.2.2 Estimation Step

Although in practice the estimation step is performed after
the acceptance step, we introduce this step in advance
because it updates the ML and the DOS terms, which are
utilized in the acceptance ratio.

The ML term returns the marginal-likelihood score of a
subregion, where the score is high if the subregion includes
highly possible states of the target. We obtain the marginal-
likelihood score of a subregion by integrating the likelihood
values at all states of the subregion:

p
�
YtjSpi

�
¼ 1

jSpi j

Z
Xt2Spi

pðYtjXtÞdXt; ð9Þ

where pðYtjSpi Þ denotes the marginal-likelihood score of the
ith subregion Spi , pðYtjXtÞ indicates the likelihood at the
state Xt, and jSpi j is the total number of states in Spi . In (9),
pðYtjXtÞ is determined by

pðYtjXtÞ ¼ exp��DDðYt;MtÞ; ð10Þ

where Yt represents the observations obtained at state Xt,
Mt denotes the model that describes the target at time t, and
� is the weighting parameter. In (10), the DD function
returns the diffusion distance between Yt and Mt. We
utilize the diffusion distance as a dissimilarity measure
because it is robust to deformation and to quantization
effects of the observation [36].

However, the integration in (9) is not feasible if a
subregion includes a large number of states. Instead of
considering all states within a subregion, we sample a few
states from it and approximate the marginal-likelihood
score using those samples:

p
�
YtjSpi

�
� 1

m

Xm
n¼1

p
�
YtjXn

t

�
;Xn

t 2 S
p
i ; ð11Þ

where Xn
t is the nth sampled state of the subregion Spi and

m is the total number of the sampled states. In (11), Xn
t is

sampled using the proposal density in (7), and the former
can be both accepted or rejected by the acceptance step. We
update the marginal likelihood as the Monte Carlo
simulation goes on because the states are sequentially
obtained. During the ðmþ 1Þth state, Xmþ1

t is newly
sampled from the subregion Spi , the marginal-likelihood
score of Spi is updated as follows:

p
�
YtjSpi

�
 
mp
�
YtjSpi

�
þ p
�
YtjXmþ1

t

�
mþ 1

;Xmþ1
t 2 Spi : ð12Þ

The ML of each subregion is initially set to 1
jSpj, where jSpj

denotes the number of subregions. If our method samples a
state which belongs to the subregion Spi , it updates the ML
of the subregion Spi using (12). Then, with the updated ML,
it goes on sampling a new state and updating the ML of the
corresponding subregion iteratively.

The DOS term returns the DOS score of a subregion
where the score is high if our method sufficiently gets the
states from the subregion. As it is intractable to accurately
calculate the DOS in all subregions, we approximately
estimate it by using the Wang-Landau algorithm [15]
through a Monte Carlo simulation. In the algorithm, each
subregion has its own histogram. If a state proposed by (7)
is accepted at the acceptance step and the state belongs to
the subregion Spi , our method increases the histogram of Spi
by one and modifies the DOS score of Spi by multiplying by
a modification factor. If not, our method does the same
works for the subregion which includes the previous state:

h
�
Spi
�
 h

�
Spi
�
þ 1; ð13Þ

where hðSpi Þdenotes the histogram value of the subregion Spi :

g
�
Spi
�
 g

�
Spi
�
� f; ð14Þ

where gðSpi Þ indicates the DOS score of the subregion Spi
and f is the modification factor, which is larger than one.
The DOS of each subregion is initially set to 1. If our
method samples a state which belongs to the subregion Spi ,
the method updates the DOS of the subregion Spi using
(14). Then, with the updated DOS, it goes on sampling a
new state and updating the DOS of the subregion that
includes the state iteratively. As the method progresses, it
produces a semiflat histogram. We consider a histogram as
semiflat if the value of the lowest bin is 80 percent larger
than the average value of all bins in the histogram [15]. The
semiflat histogram indicates that our method explored all
subregions at least to some degree. Therefore, the DOS
estimates of all subregions are successfully obtained. Then,
to obtain more accurate estimates, the modification factor
in (14) is reduced by f  

ffiffiffi
f
p

, and the histogram is reset to
0. The method continues until the histogram becomes
semiflat again and restarts with a finer modification factor.
The process is terminated when the factor becomes highly
close to 1 or when the number of iterations reaches a
predefined value.

The key point of the estimation step is that the chicken-
egg-type problem is solved. To accurately estimate the DOS
term, the acceptance ratio introduced by the next section
should guide the Markov Chain in the direction of quickly
producing the semiflat histogram. Meanwhile, to calculate
the acceptance ratio, the DOS term has to be known in
advance. This estimation step provides an EM-style strategy
to solve the aforementioned problem and to obtain the
accurate DOS score. Fig. 4 shows the ML and DOS score at
each subregion.

4.2.3 Acceptance Step

The acceptance ratio is calculated by the ML and DOS terms

as follows:
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a ¼ min 1;
p
�
YtjSp

0

i

�
p
�
Sp
0

i

�
Q
�
Xt; X

0
t

�
p
�
YtjSpi

�
p
�
Spi
�
Q
�
X0t; Xt

�
" #

¼ min 1;

p
�
YtjSp

0

i

�
1

g
�
Sp
0
i

�Q�Xt; X
0
t

�
p
�
YtjSpi

�
1

g
�
Spi

�Q�X0t; Xt

�
2
64

3
75;

ð15Þ

where Spi is the subregion that contains the previous state

Xt, S
p0

i is the subregion that includes the proposed state X0t,

pðYtjSpi Þ is the marginal-likelihood score of the subregion

Spi , and gðSpi Þ is the DOS score of the subregion Spi . In (15),

the second equality describes that gðSpi Þ can be considered

as prior knowledge about the subregion Spi such as

pðSpi Þ ¼ 1
gðSpi Þ

. This is because our method tries to accept

the states in the subregion Spi more frequently if the DOS

score of the subregion, gðSpi Þ is very low. Conversely, the

method tries to accept the states in the subregion Spi less

frequently if gðSpi Þ is very high. Thus, the DOS score gðSpi Þ
provides some knowledge about the subregion during

the sampling process. Because the exact DOS score of the

subregion is determined before the sampling process, the

DOS score can be considered as the prior knowledge.

Our acceptance ratio in (15) has an advantage compared to

that in (4). The first is that our acceptance ratio provides a

systematic way to escape from the local maxima and reach

the global maximum. This is crucial to the success of tracking

abrupt motions. To capture abrupt motions, tracking

methods should propose a new state with a large range of

movement, which makes the Markov Chain deal with the

increased number of local maxima. Therefore, getting

trapped in the local maxima becomes more frequent. In our

acceptance step, the Markov Chain is guided by the ML-DOS

ratio,
pðYtjSpi Þ
gðSpi Þ

. At a local maximum, this ratio initially has a

large value because the marginal-likelihood score is very

high around the local maximum. However, while the

simulation goes on, the ratio decreases as the DOS score

increases. The proposed state is then accepted when the ML-

DOS ratio over the previous state sufficiently decreases

compared to that over the proposed state. This process helps

in easily escaping the local maxima, as described in Fig. 5.

4.3 Summary

By mixing the ML term with the DOS term in the acceptance
ratio, the WLMC-based tracking method efficiently com-
bines the exploitation ability of the ML term and the
exploration ability of the DOS term. Moreover, the tracking

problem that includes both abrupt motions and smooth
motions is successfully solved. However, this method has a
scalability problem. If the number of subregions of Sp

increases, the states exponentially increase to obtain the
accurate DOS score in (14). Our AWLMC-based tracking
method, presented in the next section, solves this problem
by a simple coarse-to-fine approach.

5 AWLMC-BASED TRACKING ALGORITHM

5.1 Algorithm

To reduce the state space, we introduce a new annealing
step into the WLMC-based tracking algorithm. We focus on
explaining the annealing step here because other steps are
the same as those in the WLMC-based tracking method.

5.1.1 Annealing Step

Our method starts the process over the state space Sp and
performs the WLMC-based tracking algorithm explained in
Section 4. If the histogram in (13) becomes semiflat, the
method decreases Sp by selecting half the number of
subregions in Sp. To choose the subregions, we utilize the
DOS information. Sp initially consists of d disjoint
subregions. We choose the d

2 number of subregions
according to the score in descending order, as illustrated
in Figs. 6a and 6c, because the DOS score indicates the
probability of local maxima in a subregion. Then, each
chosen subregion is divided into two regions so that the
total number of subregions reverts to d. If the subregions
have been horizontally divided, they are then vertically
divided at the next time, as shown in Figs. 6b and 6d. The
annealing step is terminated when the number of iterations
reaches a predefined value. The aforementioned dividing
strategy empirically provides sufficient results for our
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Fig. 4. Example of the ML and DOS estimates. (b) The brighter the color,
the higher the marginal-likelihood score. In the sample, the score is high
around subregions where the target exists. (c) The brighter the color, the
higher the DOS score. In the example, our method gets more samples at
the subregions where the target might be while exploring all subregions
at least to some degree.

Fig. 5. The process of escaping local maxima. The DOS term is used as
the penalty term. If the DOS score in subregion 3 is much higher than
that in subregion 4, the proposed state in subregion 4 can be accepted,
although the subregion has a lower marginal-likelihood score compared
to that of the previous state.

Fig. 6. Example of the dividing strategy. Each chosen subregion (blue) is
divided into two regions horizontally and vertically in turn.



tracking problem. Fig. 7 describes the sequentially decreas-
ing state space.

5.2 Summary

In comparison with the WLMC-based tracking method, the
AWLMC-based tracking method obtains samples more
efficiently when there are a larger number of subregions.
However, if the number of subregions significantly in-
creases, the AWLMC-based tracking method still suffers
from the scalability problem. To solve this problem, we
present the NFWL-based tracking method in the next
section. This method works well, although the number of
subregions increases significantly, like in the case of the
combined state space of scale Ss and position Sp.

6 NFWL-BASED TRACKING ALGORITHM

6.1 Preliminary

To cope with abrupt changes in both position and scale,
the NFWL-based tracking method considers the whole
state space S that is constructed by the Cartesian product
of the state space of position, Sp, and scale, Ss, and divides
S into d0 disjointed subregions, as shown in Fig. 8: S ¼S
Si and

T
Si ¼ � for i ¼ 1; . . . ; d0. Note that in the WLMC-

and AWLMC-based tracking methods, we divide the state
space of position, Sp, only into d disjointed subregions,
where d� d0. Compared with those methods, the NFWL-
based tracking method copes with exponentially increased
number of subregions. Therefore, a more efficient sam-
pling strategy is needed to obtain good performance in
estimating the ML and DOS terms with a limited number
of samples.

6.2 Algorithm

The efficiency of the NFWL-based tracking method comes
from two properties in the sampling process. The first
property is that the method is a rejection-free algorithm.
That is, it accepts all proposed states without the acceptance
step. The second is that the method employs a more
efficient scheme to estimate the DOS term in the estimation
step. It tries to obtain the DOS term with a smaller number
of samples as much as possible.

6.2.1 Proposal Step

Since the method has no acceptance step, it should propose
states with good quality. The states with good quality
means the states that describe the target posterior distribu-
tion well enough. To describe it well, the states of high
posterior probability should be more frequently sampled,
and the states of low posterior probability should be less
frequently sampled. For this, the method presents a new

proposal density which consists of two parts. The first part
is to choose a subregion of S, and the second is to propose a

state that belongs to the subregion.
When the previous state belongs to the ith subregion Si,

the method chooses the jth subregion Sj of the next state
with the following probability:

pðSjjSiÞ ¼
pðYtjSjÞ
pðYtjSiÞ

gðSiÞ
gðSjÞ

dðSi;S0Þ
dðSj;S0Þ

� ��
Pd0

j¼1
pðYtjSjÞ
pðYtjSiÞ

gðSiÞ
gðSjÞ

dðSi;S0Þ
dðSj;S0Þ

� �� ; ð16Þ

where pðYtjSjÞ is the ML score of the subregion Sj, gðSjÞ is

the DOS score of the subregion Sj, S0 is the subregion that
includes the MAP state at the previous frame, X̂t�1;

dðSj; S0Þ is the distance between Sj and S0, d0 is the total
number of subregions in S, and � is the parameter. The
method calculates dðSj; S0Þ as follows:

dðSj; S0Þ ¼
k�xðSjÞ � �xðS0Þk2

MAXk�xð�Þ � �xðS0Þk2

þ k�yðSjÞ � �yðS0Þk2

MAXk�yð�Þ � �yðS0Þk2

þ k�sðSjÞ � �sðS0Þk2

MAXk�sð�Þ � �sðS0Þk2

;

ð17Þ

where ð�xðSjÞ; �yðSjÞÞ represents the center position of the

subregion Sj and �sðSjÞ indicates the average scale value in

Sj. In (16),
pðYtjSjÞ
pðYtjSiÞ ,

gðSiÞ
gðSjÞ , and dðSi;S0Þ

dðSj;S0Þ describe that the method

prefers to choose a new subregion that has higher ML score,

lower DOS score, and lower distance from X̂t�1 compared

with the previous subregion, respectively. This means that

the method frequently makes a move to the subregion

1) where the target might be, 2) that is insufficiently

explored, and 3) close to the subregion where the target

existed at the previous frame. Using dðSi;S0Þ
dðSj;S0Þ in (16), the

subregion which is close to the previous optimal state is

proposed because the motion of the target is typically

smooth. However, this assumption does not hold for abrupt

motions. Therefore, the DOS term is additionally inserted by
gðSiÞ
gðSjÞ in (16). This term encourages proposal of the subregions

that have not been explored sufficiently. Since these

subregions are far from the previous optimal state, they

typically contain the states of abrupt motions. Thus, due to

the additional DOS term, our method can deal with the

abrupt motions as well.
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Fig. 7. Example of reducing the state space of position. The AWLMC-
based tracking method sequentially reduces Sp from (b) to (d) using the
DOS value of each subregion. The method leaves the small size of the
state space of position that contains robust candidates of the target
position and eventually tracks the target as shown in (a).

Fig. 8. Example of subregions. S is divided into 90 equal-size subregions

(d0 ¼ 90).



With the chosen subregion Sj according to the prob-
ability pðSjjSiÞ in (16), the method then proposes a new
state X0t as follows:

X0t ¼
2Xt�1 �Xt�2 þG

�
0; �2

�
; if i ¼ j

UðSjÞ; if i 6¼ j;

�
ð18Þ

where Gð0; �2Þ indicates the Gaussian perturbation with
mean 0 and variance �2, and UðSjÞ denotes the uniform
sampling in the subregion Sj. In (18), if the chosen
subregion is the same as the current one, a state is
proposed by the second-order autoregressive model [35]
for further exploitation. On the other hand, if the chosen
subregion is different, the method proposes a state by the
uniform sampling in the chosen subregion for further
exploration. This shows our proposal density makes full
use of the exploitation and exploration abilities, adaptively
and efficiently.

6.2.2 Estimation Step

To update the DOS with a smaller number of moves as
much as possible, the method calculates the lifetime of the
previous subregion as follows:

�ðSiÞ ¼
d0Pd0

j¼1
pðYtjSjÞ
pðYtjSiÞ

gðSiÞ
gðSjÞ

dðSi;S0Þ
dðSj;S0Þ

� �� ; ð19Þ

where �ðSiÞ denotes the lifetime value of the subregion Si.
Unlike WLMC in which the histogram of a subregion is
increased by 1 using (13) whenever it obtains a sample
belonging to the subregion, NFWL estimates how many
times a move to other subregions would be rejected on
average in the usual update scheme. This estimated value is
the lifetime in (19). The lifetime value reflects how many
samples are continually obtained by the method at the
previous subregion. By estimating this value, our method
can update the histogram of the previous subregion not by
one in (13), but by the amount of the lifetime value in (19):

hðSiÞ  hðSiÞ þ �ðSiÞ; ð20Þ

where hðSiÞ indicates the histogram value of subregion Si.
The DOS score is then adaptively estimated by

gðSiÞ  gðSiÞ � �ðSiÞ � f; ð21Þ

where gðSiÞ indicates the DOS score of Si and f is a
modification factor.

To make the flat histogram, the sampling method should
visit all subregions sufficiently by moving a subregion to
other subregions. The problem of WLMC is that it needs
many samples to move from a subregion to other sub-
regions, which is called tunneling time [19]. On the other
hand, NFWL needs a small number of samples to move
from a subregion to other subregions because it always
accepts the moves. In this case, however, the histogram is
biased due to the rejection-free property of NFWL. The
lifetime value �ðSiÞ in (20) compensates for the bias of the
histogram by measuring how many times a move to other
subregions would be rejected on average in the usual
update scheme. Hence, by updating the amount of �ðSiÞ at a
time, NFWL quickly produces the flat histogram using a
small number of samples. In addition, the lifetime value of

Si, �ðSiÞ, is obtained by considering the DOS of all other
subregions fSjgd

0

j¼1 in (19). Then, �ðSiÞ � f represents how
much the DOS of Si should be modified compared to the
DOS of other subregions. By considering the DOS of other
subregions to modify the DOS of Si, NFWL can reduce
errors in the DOS at right edges of an interval over which
one wants to determine the DOS [19].

6.3 Converge Analysis of NFWL

The NFWL method eventually converges after sufficient
time. The convergence of the method can be demonstrated
by showing the convergence of error in the estimation of the
DOS. To theoretically prove the convergence of the error,
we define the estimation error �ðSpi ; kÞ of the simulated DOS
score gðSpi ; kÞ of the ith subregion Spi at the kth iteration:

�
�
Spi ; t

�
¼ 1�

ln gn
�
Spi ; k

�� 	
ln gex

�
Spi
�� 	












 ¼ ln gex

�
Spi
�� 	
� ln gn

�
Spi ; k

�� 	
ln gex

�
Spi
�� 	












;
ð22Þ

where gnðSpi ; kÞ is the normalized version of gðSpi ; kÞ with
respect to the exact DOS score gexðSp�Þ of the subregion Sp� ,
which includes the MAP state, and gexðSpi Þ is the exact DOS
score of the subregion Spi . In (22), gnðSpi ; kÞ is obtained by

gn
�
Spi ; k

�
¼
g
�
Spi ; k

�
gex
�
Sp�
�

g
�
Sp� ; k

� ; ð23Þ

where gðSp� ; kÞ is the simulated DOS score of the subregion
Sp� at the kth iteration. Then, the convergence of the error
is proven theoretically with the following theorem based
on [37]:

Theorem 1. The error �ðSpi ; tÞ in (22) goes to a constant limit as
the iteration increases to infinity.

Proof. By substituting gnðSpi ; kÞ in (23) into �ðSpi ; tÞ in (22),
we get

�ðSpi ; tÞ ¼
4 ln

�
g
�
Spi ; k

�	
�4 ln

�
gex
�
Spi
�	

 



ln
�
gex
�
Spi
�	 ; ð24Þ

where 4 ln ½gðSpi ; kÞ� ¼ ln ½gðSpi ; kÞ� � ln ½gðSp� ; kÞ� and
4 ln½gexðSpi Þ� ¼ ln ½gexðSpi Þ� � ln½gexðSp�Þ�. 4 ln ½gexðSpi Þ� is
fixed in (24) during the simulation because it is not
formulated as the function of the parameter k, which is
the number of iteration. In addition, 4 ln ½gðSpi ; kÞ�
becomes constant as ln ½gðSpi ; kÞ� and ln ½gnðSp� ; kÞ� con-
verge after a sufficient number of integrations k. This is
because ln ½gðSpi ; kÞ� can be reformulated as

ln
�
gðSpi ; kÞ

	
¼
Xk
i¼1

�
H
�
Spi ; i

�
�H

�
Spi ; i� 1

�	�
ln½fi�1�i�1�

�
;

ð25Þ

where HðSpi ; iÞ stands for the histogram of the
subregion Spi at the ith iteration, fi�1 denotes the
modification factor at the ði� 1Þth iteration, and �i�1

indicates the lifetime value at the ði� 1Þth iteration.
Then, ln ½gðSpi ; kÞ� in (25) is convergent because HðSpi ; iÞ �
HðSpi ; i� 1Þ is finite and

P1
i¼1ðln ½fi� þ ln ½�i�Þ is also

convergent. tu
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6.4 Summary

By removing the acceptance step, we achieve a substantial
amount of improvement on efficiency especially when the
rejection rate is very high due to the rough state space.
Additionally, the adaptive update scheme of the DOS
speeds up the sampling process and reduces the computa-
tional cost. These advantages in the NFWL-based tracking
method permit it to cope with abrupt changes of scale and
to increase the accuracy of tracking results in real challen-
ging videos. Algorithm 1 describes the whole procedure of
our NFWL-based tracking method. Fig. 9 illustrates
similarity and dissimilarity among the WLMC-based track-
ing methods. Note that the N-fold algorithm cannot be
combined with AWLMC. The main reason is that, in the
N-fold algorithm, the proposal density function pðSjjSiÞ in
(16) and the lifetime �ðSiÞ in (19) are estimated by using
original subregions fSjgd

0

j¼1. Thus, the subregions cannot be
modified like as AWLMC.

Algorithm 1. Our NFWL-based tracking method
Input: fXðlÞt�1g

N
l¼1

Output: X̂t ¼ ðX̂
x

t ; X̂
y

t ; X̂
s

t Þ; fX
ðlÞ
t g

N
l¼1

1: Bayesian Filtering step: pðXt�1jY1:t�1Þ � fXðlÞt�1g
N
l¼1

based on (5)(6). The method randomly selects a sample

X
ðlÞ
t�1 and moves the selected sample according to the

second-order autoregressive function, and use the

result as the initial state of the Xt Markov chain.

2: for 1 to N do

3: Proposal step: Propose a new state using (16)(18).

4: Estimation step:

5: 1. Estimate the life-time using (19).

6: 2. Update the histogram using (20).

7: 3. Estimate the DOS using (21).

8: 4. Estimate the marginal-likelihoods using (9).

9: Annealing step: Reduce the state space by the

process explained in Section 5.
10: end for

11: Estimate the MAP state X̂t using (2).

7 EXPERIMENTAL DETAILS AND RESULTS

7.1 Experiment Settings

We tested 11 video sequences: Boxing and Youngki
sequences for camera shot changes; Singer, Snowboard,
Elephant, and Bird sequences for partially low-frame rate
videos; and Tennis, Animal, Badminton, Pingpong, and
Football sequences for rapid motions. For the comparative
evaluation, we compared the proposed algorithms [WLMC,
AWLMC, and NFWL] with eight different tracking meth-
ods [AWLMCþ, Standard MCMC (MCMC), Adaptive

MCMC, Quasi-Random Sampling, Particle Filter, Mean
Shift (MS), Stochastic Approximation Monte Carlo, and
Visual Tracking Decomposition (VTD)].

WLMC and AWLMC divided the state space of position
into 6� 4 subregions. On the other hand, NFWL divided
the state space of scale as well and made a total of 6� 4� 6
subregions. For the proposal density of WLMC and
AWLMC, we set �x, �y in (7) and �s in (8) to 250, 250, and
1.414, respectively. In the case of NFWL, � in (16) and (19)
were set to 0.5 for most sequences. Furthermore, � in (18)
was set to 2 and 1.414 for the x and y directions,
respectively. The upper bound of the scale is 5 and the
lower bound is 0.1. The modification factors in (14) and (21)
were initially set to 2.7. AWLMCþ is a simple extension of
AWLMC to cope with abrupt changes in scale. To do this,
6� 4� 6 subregions were constructed and the ML and DOS
scores were estimated for the six subregions of scale as well
by utilizing the same process of AWLMC. In AWLMCþ, the
scale s is sampled using the similar method in (7) instead of
that in (8). MCMC is the tracking method based on [25].
Proposal variances of MCMC were set to 8 and 4 for the x
and y directions, respectively. AMCMC is the Modified
Adaptive Metropolis algorithm based on [30], [31], which
increases or decreases the variance of proposal density to
make the acceptance rate of the proposal as close as possible
to 0.44. For this, proposal variances of AMCMC were
adaptively changed from eight to 28 for the x direction and
from four to 24 for the y direction. QR is the tracking
method based on [29]. To track abrupt motions, 60 samples
were quasi-randomly distributed over the whole state
space. The rest of the samples were proposed around the
local maxima states, where each local maximum state
included 20 samples. PF is the tracking method based on
[21]. The motion model of PF utilized the second-order
autoregressive process. The noise model was defined by the
Gaussian function of which the variance was set to 250. MS
[12] is the tracking method based on the implemented
function in OpenCV. SAMC and VTD are the tracking
methods based on [33] and [38], respectively. Note that our
current method cannot handle rotation of the target, the
same as other tracking methods (PF, QR, MCMC, AMCMC,
SAMC, and VTD).

7.2 Accuracy of Tracking Results

7.2.1 Coverage Test

The recall � and the precision 	 measure the configuration
errors between the ground-truth state and the estimated
state [26]:

� ¼ A
X
t \AG

t

AG
t

; 	 ¼ A
X
t \AG

t

AX
t

;

where AX
t denotes the estimated area and AG

t indicates the
ground-truth area at time t. The recall � measures how
much of the ground-truth area AG

t is covered by the
estimated area AX

t . The precision 	 measures how much of
AX
t covers AG

t . For good tracking quality, both the recall and
precision should have high values. In the information
retrieval literature, the F-measure is often used for evaluat-
ing this quantity: F ¼ 2	�

	þ� . When the ground truth and
estimated area perfectly overlap, the F-measure is 1.0.
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Fig. 9. Similarity and dissimilarity among the WLMC-based tracking
methods. The same color means the corresponding methods include the
same procedure. White color means that the corresponding method
does not include the step.



Table 1 summarizes the tracking results of targets
whose positions are abruptly changing. The numbers in
the table indicate the F-measure where a higher number
represents more accurate tracking results. In most se-
quences, NFWL most accurately tracked the target even
though there were drastically abrupt changes in position.
NFWL could find the best local maximum state of a target
because with an equal number of samples it searched
larger portions of the state space compared with MCMC,
AMCMC, PF, QR, and VTD. Additionally, the searching
strategy of NFWL was more efficient than WLMC and
AWLMC. WLMC and AWLMC showed the second-best
performance on average. The performance of AWLMC was
always better than WLMC due to the annealing step in
AWLMC. VTD failed to track the target in most sequences
when there were drastically abrupt changes of position.
Inthe Badminton and Pingpong sequences, VTD accurately
tracked the target only when the changes of position were
relatively less abrupt. SAMC robustly tracked the targets in
the Youngki and Animal? sequences, which include highly
abrupt motions. However, SAMC frequently missed the
targets when there was severe background clutter and
occlusion as well as abrupt motions in the Pingpong and
Football sequences. Note that we obtained the ground-truth
states by manually drawing the bounding box around the
target. For the sampling-based methods, we used the same
number of samples, 1,000. Tennis? and Animal? are down-
sampled sequences of Tennis and Animal with the
sampling interval of 25 and 5, respectively.

To cope with the abrupt motions, the sampling-based
methods typically utilize a large variance in the proposal
density. However, the large variance causes the tracking
accuracy of the smooth motions to decrease severely. Hence,
it is crucial to compare the tracking performance in the
smooth motion case as well. For comparison, we used
Boxing and Youngki sequences that mainly consist of smooth
motions. To make the sequences include only smooth

motions, we reinitialized the states of other tracking
methods to the ground truth before they failed to track the
abrupt motions. As shown in Table 2, AWLMC and NFWL
accurately tracked the smooth motions as well as other
tracking methods, even though we did not reinitialize the
states of AWLMC and NFWL. In conclusion, Tables 1 and 2
prove that AWLMC and NFWL make full use of the
exploitation ability of the ML term with the exploration
ability of the DOS term to track both smooth and abrupt
motions efficiently.

When there were abrupt changes in both position and
scale, NFWL drastically outperformed AWLMC and other
tracking methods, as shown in Table 3. The performance of
AWLMC decreased when there were severe changes in the
scale, as with the case of the Singer, Snowboard, Elephant, and
Bird sequences because AWLMC assumed that scale
changes are smooth over time. AWLMCþ improved
AWLMC by considering abrupt changes in the scale.
However, AWLMCþ performed worse due to the curse of
dimensionality because the same process of AWLMC, in
spite of increased subregions, is applied. SAMC failed to
track the targets when there were abrupt changes in both
position and scale. This is because SAMC basically assumes
that the scale of the targets smoothly changes over time.
VTD showed good tracking performance when there were
abrupt changes of both position and scale. However, the
tracking results of NFWL were better than those of VTD
because the sampling strategy utilizing the DOS in NFWL
are more adequate to deal with the abrupt motions as
compared with sampling strategy utilizing the Interacting
MCMC in VTD.

7.2.2 Success Rate

If the F-measure is larger than 0.5, the target is considered as
correctly tracked at that frame. The success rate indicates
the ratio between the number of correctly tracked frames
and the number of total frames. If the methods failed to
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TABLE 1
Accuracy of Tracking Abrupt Changes of Position (F-Measure)

TABLE 3
Accuracy of Tracking Abrupt Changes of Both Position and Scale (F-Measure)

TABLE 2
Accuracy of Tracking the Targets When There Are Only Smooth Motions (F-Measure)



track the target, we reinitialized the state of the target with
the ground truth. For the test, we downsampled the Tennis
sequence with the sampling interval from 10 to 30 frames,
and the Animal sequence with the sampling interval from 2
to 12 frames. The results are depicted in Fig. 10. In
comparison with the other results, the success rates of
AWLMC and NFWL are less affected by the change of the
sampling interval, whereas those of other methods rapidly
decrease as the sampling interval increases. Note that
AWLMC and NFWL successfully tracked the target even in
highly down-sampled videos which contained severely
abrupt motions.

7.2.3 Parameter Effects

The tracking accuracy could be dependent on several
parameters. To evaluate the robustness of the tracking
methods, it is important to check how much of their results
are affected by the parameters. In NFWL, two important
parameters are � in (16) and (19) and d0 described in Fig. 8.
If we increase the � value, the tracking performance of
NFWL for smooth motions may be improved while the
accuracy of tracking abrupt motions decreases. If we set d0

to a high value, NFWL could obtain more accurate states of
the target. However, an increased number of samples is
needed. As shown in Fig. 11, NFWL was not sensitive to
these parameters and robustly tracked the target with
different parameter settings. Note that in Fig. 11b, X0.5
indicates that we divided the state space into 3� 2� 3
subregions for NFWL, whereas the default setting is
6� 4� 6.

7.3 Efficiency of Sampling Strategy

7.3.1 Accuracy of the DOS Estimation

A numerical experiment demonstrates that NFWL estimates
the DOS more accurately with a small number of samples as

comparison with WLMC. Fig. 12 shows convergence of the
error �ðSpi ; tÞ defined in (22) for WLMC and NFWL. As
illustrated in Fig. 12, NFWL converges at the lower error
values in most sequences, which means it estimates the DOS
more accurately as comparison with WLMC. In the experi-
ments, NFWL converged at the lower error values, 0.06501
and 0.08946 in the Animal and Tennis sequences, respec-
tively, whereas WLMC converged at the higher error values
0.23372 and 3.90436 in the Animal and Tennis sequences,
respectively. Moreover, NFWL converges more rapidly in
most sequences, which means it estimates the DOS with a
smaller number of samples as compared with WLMC. In the
experiments, NFWL converged after shorter iterations, 82
and 55 in the Animal and Tennis sequences, respectively,
whereas WLMC converged after longer iterations, 138 and
160 in the Animal and Tennis sequences, respectively. In the
case of AWLMC, it converged at about 70 	 150 iterations,
which are between WLMC and AWLMC. Note that the
ground truth of the DOS at each sequence was manually
obtained according to ln ½pðXtjY1:tÞ�.

7.3.2 Number of Samples

Fig. 13 demonstrates that NFWL needs a smaller number of
samples compared with other methods to reach a similar
tracking performance. For example, NFWL needed only
50 samples to get the tracking accuracy of 0.8 in the Boxing
sequence, while AWLMC and WLMC needed more than
200 samples. Additionally, the figure shows that NFWL
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Fig. 10. The success rate at Tennis and Animal sequences as a function
of the down-sampling interval for different tracking methods.

Fig. 11. Accuracy of tracking results with different parameter settings for
NFWL. (a) The � value controls the proposal variance. (b) The d0 value
determines the total number of subregions.

Fig. 12. Convergence of the error �ðSpi ; tÞ defined in (22) for WLMC and
NFWL.

Fig. 13. Accuracy of tracking as the number of samples increases.



maintains the best performance even with a drastically
small number of samples. In all sequences, NFWL
produced the most accurate results, regardless of the
number of samples.

7.3.3 Computational Cost

As shown in Table 4, the runtimes of the sampling-based
tracking methods (WLMC, AWLMC, NFWL, MCMC,
AMCMC, PF, and QR) were similar because they used the
same number of samples. This result demonstrated that
WLMC, AWLMC, and NFWL have no additive computa-
tional burden compared to the other sampling-based
tracking methods because the DOS can be calculated at an
extremely lower computational cost. Note that our current
implementation is not optimized, and it spends the most
computational time to get a likelihood score by measuring
the diffusion distance in [36]. Thus, by properly optimizing
the process of measuring the diffusion distance, we can
greatly enhance the speed.

7.4 Qualitative Comparison

7.4.1 Camera Shot Changes

Fig. 14 presents the tracking results of test videos that
contain the camera shot changes. In these videos, NFWL,
AWLMC, and WLMC successfully tracked the target even
though there are drastically abrupt changes in the
position. QR also tracked the abrupt motions in the Boxing
sequence (Fig. 14f), whereas it failed to track the motions
in the Youngki sequence (Fig. 14l). On the other hand, the
other methods failed to escape from the previous positions
of the targets.

7.4.2 Partially Low Frame Rate

As another example of an abrupt motion, we tested the
Singer,1 Snowboard, Elephant, and Bird sequences, which
have partially low frame rates. In comparison with the
Boxing and Youngki sequences, these sequences are more
challenging because they include the targets wherein both
position and scale are drastically changing simultaneously.
Moreover, the Elephant sequence contains severe back-
ground clutter, of which the appearance is similar to that of
a target, the Snowboard sequence includes a highly deform-
able target, and the Bird sequence contains an extremely
large number of objects that share a similar appearance to
the target. The Bird sequence is also challenging because the
size of the target becomes very small as time goes on. As
shown in Fig. 15, NFWL robustly tracked the targets in the
background clutters even though the scale of the targets
increased or decreased more than threefold in a short time.
NFWL accurately tracked the small object in Bird and
Elephant sequences because the colors between the object

and backgrounds are discriminable enough and a robust
similarity measure, diffusion distance, is adopted for our
histogram-based appearance model. Because there is a
substantial difference between the colors of the object and
backgrounds, AMCMC also tracked the small object in the
Elephant sequence, while it failed to track the object just after
the abrupt scale change. Due to the robust similarity
measure, VTD also tracked the small object successfully in
the Bird sequence. On the other hand, all the other tracking
methods failed to track the targets, as illustrated in Fig. 15.
AWLMCþ failed to track the abrupt motions because it
needs a vast number of samples to cover the changes. The
results of AWLMC and SAMC were also worse because
they could not cope with the abrupt changes in scale.

7.4.3 Rapid Motion

Abrupt motion also occurs when the target moves rapidly.
For the test, we downsampled the Tennis, Animal, Badmin-
ton, Pingpong, and Football sequences, and made highly
rapid motions whose directions and moving distances were
quite unpredictable. NFWL efficiently addressed this
motion uncertainty and accurately tracked the targets, as
shown in Fig. 16. The Badminton, Pingpong, and Football
sequences contain rapid objects that share an appearance
similar to the targets. In addition, the sequences are more
challenging because the targets and similar objects fre-
quently occlude each other in the Badminton and Pingpong
sequences, the red color of the target is quite similar to that
of background in the Pingpong sequence, and the target is
very deformable in the Football sequence. Although it is
extremely hard to track the targets in these tracking
environments, NFWL successfully discriminated the targets
from the similar objects in the background and most
accurately tracked the targets. On the other hand, the other
methods, including AWLMC and WLMC, frequently failed
to track the targets when the targets abruptly changed their
positions, as shown in Fig. 16.

8 CONCLUSION AND DISCUSSION

In this paper, we have proposed three tracking algorithms
based on the Wang-Landau Monte Carlo sampling method,
which are WLMC, AWLMC, and NFWL. The algorithms
efficiently address the tracking of abrupt motions, as well as
the accurate tracking of smooth motions. Experimental
results demonstrated that the proposed algorithms out-
performed those with conventional tracking in severe
tracking environments. WLMC and AWLMC robustly
tracked the target whose position abruptly changes over
time. Meanwhile, NFWL successfully tracked the target
whose scale and position drastically change with a smaller
number of samples.

If we employ a more complex appearance model, better
tracking results can be obtained. However, in our current
work, we tried to make the evaluation fair by using the
same appearance model for all the compared methods.
Other tracking methods using the same appearance model
failed to track the target, whereas our methods successfully
tracked the target. This demonstrated that the robustness of
our methods comes from the efficient sampling strategy
instead of the appearance model.
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TABLE 4
Runtime of Tracking Methods (Frame/Second)

1. The source code, test datasets, and result videos are available at
http://cv.snu.ac.kr/research/nfwl/.
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