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Abstract. In this paper, we propose a new stereo matching method
using the population-based Markov Chain Monte Carlo (Pop-MCMC).
Pop-MCMC belongs to the sampling-based methods. Since previous
MCMC methods produce only one sample at a time, only local moves are
available. However, since Pop-MCMC uses multiple chains and produces
multiple samples at a time, it enables global moves by exchanging information between samples, and in turn leads to faster mixing rate. In the
view of optimization, it means that we can reach a state with the lower
energy. The experimental results on real stereo images demonstrate that
the performance of proposed algorithm is superior to those of previous
algorithms.

1

Introduction

Stereo matching is one of the classical problems in computer vision [1]. The goal
of stereo matching is to determine disparities, which are distances between two
corresponding pixel. If we get an accurate disparity map, we can recover 3-D
scene information. However, it remains challenging problem because of occluded
regions, noise of camera sensor, textureless regions, etc. Stereo matching algorithms can be classiﬁed into two approaches. One is the local approach, and the
other is the global approach. In the local approach, disparities are determined
by comparing the intensity values in the local windows, such as SAD (Sum of
Absolute Diﬀerences), SSD (Sum of Squared Diﬀerences), and Birchﬁeld-Tomasi
measure [2]. Although local approaches are fast, they have diﬃculties in obtaining an accurate disparity map. In the global approaches, one assumes that the
disparity map is smooth in most regions. Usually, an energy function that is
composed of local and global constraint is deﬁned and solved by various energy
minimization techniques. Typical global approaches include graph cut [3,4,5],
belief propagation [6], and dynamic programming [7,8].
Monte Carlo method is one of the global approaches. It uses statistical sampling to obtain the solutions of some mathematical problems. Although this
method was originally developed to generate samples from a given target distribution or to integrate functions in high dimensional space, it has also been
applied to other types of problems such as optimization and learning problems.
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However, there are some diﬃculties in applying the Monte Carlo methods to
vision problems as an optimizer. In general, we need to solve the vision problems
in very high-dimensional solution space. Even if it is assumed to be 100 pixels in
the width and the height respectively, the dimension of the image space becomes
as high as 104 . Monte Carlo methods would take inﬁnitely long time since the
acceptance rate would be almost zero in such a high-dimensional case. Moreover,
we need to design a proper proposal distribution close to a target distribution. To
resolve these problems, Markov Chain Monte Carlo (MCMC) methods have been
tried. In MCMC, a new sample is drawn from the previous sample and the local
transition probability, based on the markov chain. Contrary to simple Monte
Carlo methods, the acceptance rates of MCMC methods are high enough, and
the proposal distributions are designable even in the high-dimensional problem.
Therefore, MCMC methods are more proper to be applied to vision problems
than the Monte Carlo methods. However, diﬃculties still remain. Since most
MCMC methods allows only local move in a large solution space, it still takes
very long time to reach the global optimum.
To overcome the limitations of MCMC methods as an optimizer, SwendsenWang Cuts (SWC) was proposed [9,10]. In SWC, it is shown that bigger local
move is possible than previous methods while maintaining the detailed balance.
SWC uses Simulated Annealing (SA) [11] to ﬁnd optima. Although SWC allows
bigger local move, very slow annealing process is needed to approach the global
optima with probability 1. This is a drawback for real applications. Therefore,
usually a faster annealing process is applied for practical use in vision problems.
However, the fast annealing does not guarantee the global optima but the sample
is often trapped at local optima.
In this paper, we propose a new MCMC method called Population-Based
MCMC (Pop-MCMC) [12,13] for stereo matching problem, trying to resolve the
above problems of SWC. Our goal is to ﬁnd more accurate global optima than
SWC. In Pop-MCMC, two or more samples are drawn at the same time. And the
information exchange is occurred between the samples. That makes it possible
to perform the global move of samples. It means that the mixing rate of drawn
samples becomes faster. And in the view of optimization, it means that it takes
the shorter time for the samples to approach the global optima than previous
methods.
This paper describes how Pop-MCMC is designed for stereo matching, and
how the performance is comparing with the other methods like SWC or Belief Propagation. In section 2, we present how Pop-MCMC is applied to stereo
matching. In section 3, we show the experimental results in the real problem. In
the ﬁnal section, we conclude this paper with discussions.

2

Proposed Algorithm

Segment-Based Stereo Energy Model. In order to improve the accuracy of
the disparity map, various energy models have been newly proposed for stereo
problem. Among them, we choose the segment-based energy model which is
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one of the popular models [15,16,17,18]. In a segment-based energy model, the
reference image is over-segmented. Mean-shift algorithm is often used for the
segmentation[14]. And then, we assume that each segment can be approximated
by a part of a plane in the real world. Each segment is deﬁned as a node v ∈ V
, and neighboring nodes s and t are connected with edges s, t ∈ E. Then we
construct a graph G = (V, E). And the energy function is deﬁned by
E(X) =



CSEG (fv ) +



βs,t 1(fs = ft ),

(1)

s,t∈N

v∈V

where X represents the current state of every segment, fv is an estimated plane
for each segment, CSEG (fv ) is a matching cost, and βs,t is a penalty for diﬀerent
neighboring nodes of s and t, which are deﬁned by
CSEG (fv ) =



C(x, y, fv (x, y)),

(2)

(x,y)∈V

βs,t = γ · (mean color similarity) · (border length),

(3)

where function C(x, y, fv (x, y)) is Birchﬁeld-Tomasi cost. By varying γ, we can
control the relative eﬀect of matching cost and smoothness cost.
We ﬁrstly need to make a list of the planes for assigning them to each segment.
For each segment, we calculate a new plane and add it to the list. The process
to ﬁnd a new plane is following.
We represent a plane with following equation.
d = c1 x + c2 y + c3 ,

(4)

where x and y is the location of the pixel, d is the value of the disparity. From
every pixel in a segment and initially assigned disparity values, we can construct
the following algebraic equation.
A [c1 , c2 , c3 ]T = B,

(5)

where ith row of the matrix A is [xi , yi , 1] and ith row of the matrix B is di .
The values of c1 , c2 , c3 can be obtained by the least squares method. Once we
ﬁnd the values of the parameters, we can distinguish outlier pixels based on the
values of the parameters. Then, the least squares method is repeated to exclude
the outliers and improve the accuracy of c1 , c2 , c3 .
After obtaining the list of planes, we group the segments and calculate planes
again in order to improve the accuracy of planes. To this end, each segment is
ﬁrstly assigned to a plane in the list that has lowest CSEG value. Then we group
the segments which is assigned to the same plane. And for each group, the above
plane ﬁtting is repeated again. At last, we have the ﬁnal list of the planes to
use.

Stereo Matching Using Population-Based MCMC

563

Initialization

U~[0,1]

U<Qm

N

Y

Mutation

Crossover

Exchange

Fig. 1. The overall ﬂow chart of Pop-MCMC applied to stereo matching

Design of Pop-MCMC. Given the probability distribution π(X) ∝ exp
{−E(X)}, our aim is to ﬁnd the state X where the probability is maximized. In
Pop-MCMC, we draw multiple samples from multiple chains at the same time
with respect to the following distributions.


1
E(Xi )
Ti
πi (X) = π(X) ∝ exp −
,
(6)
Ti
where Ti is the temperature of ith chain. Each sample from each chain is called
a chromosome. Chromosomes interact with each other and this helps performing
global moves.
The overall ﬂow of Pop-MCMC is illustrated in ﬁgure 1. The three moves in
Pop MCMC, which are mutation move, crossover move, and exchange move, are
repeatedly performed and the samples are generated at each iteration. In this
process, we ﬁrstly choose a random number U between 0 and 1, and compare
U with the value of Qm . Depending on value of U , we choose one move among
mutation and crossover. By varying the parameter value Qm , we can control the
rates between the global move (crossover) and the local move (mutation) easily.
A proper value of Qm can be adjusted according to the given problem, the
model, or the number of chains. For example, if large number of chains are used,
more global move will be needed than local move since the global move enables
the samples exchange their information each other. Next, we will describe the
detailed design of each move for stereo problem.
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1. Mutation move
In the case of mutation move, we apply the original MCMC move. we borrow the MCMC kernel from SWC [9,10] and a few modiﬁcations are made to
the kernel. Basically, the MCMC kernel is used for a randomly chosen chain.
In SWC, the graph nodes are probabilistically clustered as the ﬁrst step. For
each edge e = s, t ∈ E, if labels of node s and node t are diﬀerent, we delete
that edge. Otherwise, we determine whether delete it or not according to the
edge probability qe . Then we randomly choose a cluster and propose a new
label according to the predeﬁned proposal distribution. A label here means estimated plane. Instead of accepting every proposal, we determine the acceptance
according to the acceptance ratio. And, the acceptance ratio is determined by
Metropolis-Hastings rule [9]. Edge probability and proposal distribution of new
labels are designed by following equations, respectively.
⎛

⎞

⎜
(mean color similarity) ⎟
⎟
⎜
qe = 1 − exp ⎜−
⎟,
⎠
⎝ CSEG (fv1 ) CSEG (fv2 )
+
+2
N (v1 )
N (v2 )




q(l | V0 , A) = exp −

v∈V0

CSEG (fv = l )
+1−
v∈V0 N (v)

(7)


1(l = fv2 ) ,


v1 ,v2 ∈N,v1 ∈V0 ,v2 ∈V0

(8)
where v1 and v2 represent neighboring nodes, N (v) is the number of the pixels in the node v, l is the newly proposed label, and A is the current sample.
In equation (7), the more similar the intensities of the connected nodes and the
lower the matching costs are, the higher the probability that the edge remains is.
And the size of the segments is not considered because of normalizing terms. In
equation (8), when the nodes in the cluster V0 have low matching costs and there
exist the neighboring nodes which have the same label, the value of q(l | V0 , A)
becomes high.
2. Exchange move
Exchange move is originated from parallel tempering [19,20]. In this move, we
choose two chains and determine whether we have to exchange the chromosomes
of two chains or not by the Metropolis-Hastings rule. Note that for the exchange
move, there is no need of special design for stereo matching. So, when the ith
and jth chains are selected, we simply calculate the Metropolis-Hastings rate by



1
1
−
,
γe = exp E(Xi ) − E(Xj )
Ti Tj
where Xi and Ti are the current state and temperature of ith chain.

(9)
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3. Crossover move
In crossover move, two chains are ﬁrstly selected as in exchange move. And then,
instead of exchanging the whole chromosomes of two chains, we exchange only
selected parts of chromosomes. After that, it is decided with the acceptance ratio
whether the new sample is accepted or not. The typical types of the crossover
moves are 1-point crossover and 2-point crossover moves. However, these are the
methods based on the fact that the chromosomes are 1-dimensional vectors, so it
is improper to apply them to the stereo matching problem in which the chromosomes are 2-dimensional images. However, 1-point and 2-point crossover moves
have an advantage of low computational complexity because the proposal distributions are canceled out each other. Therefore, we designed the crossover move
to maintain this advantage and to be proper to chromosomes whose dimensions
are two. Detailed algorithms are as follows.
We ﬁrstly choose two chains randomly, and we construct the cluster V0 in a
similar way as in SWC. However, there are two diﬀerences in constructing V0
compared with SWC. First, qe is constant, not adaptively determined with the
matching costs or the intensities of the input image since there is no need for
the nodes of the cluster V0 to have same labels here. It is computationally efﬁcient to use qe as a constant value because the proposal distribution part in
the Metropolis-Hastings rate is canceled. Second, when we calculate the probability qe , we do not consider whether the labels of the nodes are the same or
not. So resulting cluster can have nodes with diﬀerent labels. Note that, in the
mutation move, we should remove the edges connecting the nodes that have different labels, in order to compute the Metropolis-Hastings rate eﬃciently. But
in the case of crossover move, the proposal distribution part is completely eliminated by the Metropolis-Hastings rate and eventually it enables high eﬃciency
in computation. And this free construction of V0 also helps faster convergence.
The process after constructing the cluster V0 is similar to the 1-point crossover
move. From the chromosomes of two selected chains, new chromosomes are proposed by exchanging the labels of the nodes which belong to the cluster V0 .
Then the acceptance ratio α = min(1, γc ) of the newly proposed chromosomes
are calculated, and the next sample is determined. By substituting equation (6)
to Metropolis-Hastings rule, we can obtain γc as follow.

E(Xi ) − E(Yi ) E(Xj ) − E(Yj )
γc = exp
.
(10)
+
Ti
Tj

3

Experimental Results

In this section, we evaluate the performance of the proposed algorithm by comparing with other methods such as SWC and BP (Belief Propagation) [6]. For
the experiment, the test images from Middlebury website are used [21].
We employed the segment-based energy model in 1 for this test. The resulting
disparity maps are shown in ﬁgure 2. And table 1 shows bad pixel rates of test
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Fig. 2. Results of the proposed algorithm: the disparity maps of (a) Tsukuba (b) Venus
(c) Teddy (d) Cones

images. Note that there are some limitations in the segment-based energy model.
When real world objects are piecewise planar, the results might quite good.
However, for the cases of Teddy and Cones that include objects with curved
surfaces, the performances seem bad. And also, for a fronto-parallel plane, a
non-segment based energy model can be superior to the segment-based energy
model because of smaller number of the labels. In addition, occlusion or visibility
are not considered here, so it may results in bad pixels in the disparity map.
We compared the performance of Pop-MCMC with those of SWC and BP in
the view of energy minimization. The same energy model was applied to each
method. In case of SWC, we followed the Barbu’s work [9,10]. In Figure 3, the
Table 1. The bad pixel rate for each test image
Test images
Bad Pixels(%)

Tsukuba

Venus

Teddy

Cones

1.38

1.21

14.7

13.1
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Fig. 3. Convergence comparison of energy minimization methods for (a) Tsukuba (b)
Cones

convergence graphs of each method are presented. In the early part of each
graph, SWC is faster than Pop-MCMC. That is caused by the characteristics
of the energy function. In the energy function used in stereo matching, the
local minima are concentrated near the global minimum. In the view of large
scale, it can be considered as the energy function which has only one minimum
(more exactly, one bunch of minima). So, SWC gets close to the vicinity of
global minimum faster than Pop-MCMC. However, once the samples approach
near the global minimum, there exist many local minima, which are no longer
concentrated at one part. At this stage, SWC is easy to be trapped at the local
minimum, while Pop-MCMC is likely to approach the global minimum nearer.
As illustrated in Figure 3, we can get to the state of the lower energy with
Pop-MCMC method than the other methods.
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Conclusion

In this paper, we present a stereo matching algorithm using Pop-MCMC. PopMCMC uses multiple chains, and establish faster mixing rate by exchanging
information between chromosomes. As a consequence, it is shown that the proposed Pop-MCMC method reaches the global optimum faster than other energy
minimization method including SWC and BP. We have a plan to apply and
analyze the performance of the proposed method to more sophisticated stereo
energy models including occlusion handling and visibility terms as well as the
segmentation problem.
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