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Abstract
This paper presents an accurate and robust motion stereo algorithm employing multiple images, taken under a general
motion. The object functions for individual stereo pairs are represented, in terms of the depth, then these object functions
are integrated, considering the positions of cameras and the shape of the object functions. By integrating the general
motion stereo images, we not only reduce the ambiguities in correspondence, but also improve the accuracy of
reconstruction. Also, by introducing a weight for each object function and selecting only reliable object functions, we can
improve the accuracy greatly and eliminate false matches, caused by occlusion or noise. Experimental results on the
synthetic and real data sets are presented to demonstrate the performance of the proposed algorithm.  2001 Pattern
Recognition Society. Published by Elsevier Science Ltd. All rights reserved.
Keywords: Stereo; Lateral motion stereo; Axial motion stereo; Multi-image matching; Multiple-baseline stereo

1. Introduction
The problem of extracting the 3-D information from
images has been one of the most challenging and important problems in computer vision. Among the existing
3-D reconstruction techniques, shape from stereo, which
extracts the 3-D information from multiple images using
geometric constraints between corresponding features,
has been investigated quite intensively by many researchers [1,2]. Especially, the techniques using stereo
images taken by a single moving camera, known as the
motion stereo, have received much attention, due to its
practicability and accuracy. These techniques can be
readily applied to target tracking, navigation, 3-D recognition and so on.
Among many motion stereo techniques, two typical
techniques, namely lateral and axial motion stereo, have
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been intensively investigated [3,4]. The lateral motion
stereo acquires images, by moving a camera in the direction perpendicular to its optical axis, while the axial
motion stereo moves in the parallel direction. It is known
that the axial motion stereo has several advantages over
the lateral motion stereo, such as small search range for
"nding the corresponding features and the low probability of missing them [3]. However, it provides relatively
poor estimate, compared with the lateral motion stereo,
mainly because of the large error over the region near
the center of an image. Although the lateral and axial
motion stereo methods are relatively easy to analyze,
those methods are quite restrictive in practical applications, since it is not easy to maintain the camera motion
perpendicular or parallel to the optical axis in many real
situations.
There also have been many stereo techniques using
multiple images [5}11]. Most of these techniques "nd
the corresponding points in each stereo image pair and
then select the correct combinations for the corresponding points. These techniques are simply the extension of
the conventional binocular stereo technique. In contrast,
there have been techniques which use multiple images
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simultaneously to "nd the corresponding points. Tsai [5]
proposed an algorithm using multiple images to "nd the
sharper extrema of an object function for the corresponding points. Tsai positioned eight cameras at the speci"c
points, called the potential conjugate points on multiple
perspective views. Okutomi et al. [6] and Kanade [7]
presented a method that uses multiple stereo pairs with
various baselines, obtained by lateral displacement of a
camera. In these methods, they represented the sum of
squared di!erence (SSD) for each stereo pair, with respect
to the inverse distance, rather than the disparity. Then,
the sum of the resulting SSD functions is used for an
object function to "nd the correct depth values, demonstrating that [6,7] could remove the ambiguity and improve the accuracy.
However, notice that these methods also assume the
restrictive conditions on the camera position, i.e., the
motion should be lateral. This problem could be solved
by using the operation of recti"cation [2], but it is still
di$cult to combine the various kinds of images. Therefore, this paper presents an accurate and robust motion
stereo algorithm based on multiple images, taken under
a general motion, including both the rotational and
translational motion. By using multiple stereo images
taken under a general motion in batch mode, we not only
reduce the ambiguities in "nding the correspondence, but
also improve the accuracy of the reconstruction signi"cantly.
The object functions for individual stereo pairs are
represented, in terms of the depth, then these object
functions are combined, considering the positions of
cameras and the shape of the object functions. Then, by
introducing a weight for each object function, according
to its measured reliability, and selectively employing
nonoccluded object functions, we can improve the accuracy of the depth estimate signi"cantly and eliminate the
false matches, caused by occlusion or noise. But, in this
paper, it is assumed that the intrinsic and extrinsic parameters of camera are already available.

function for a pair of images, according to the geometrical con"gurations of the camera, and propose a new
object function employing only con"dent SSDs, which
are appropriately weighted, according to the degree of
their reliability.
2.1. Models and object functions
In this paper, we employ an area-based matching technique for the correspondence problem, and the SSD is
used for the correlation measure between the two corresponding windows. When the SSD is calculated under
a general motion stereo, the size and shape of corresponding windows in the reference and the other image
could be di!erent, due to dilation, rotation and perspective distortion, caused by the general motion of camera.
Consequently, a rectangular window in reference image
appeared as a general quadrangle in another image.
Thus, we employ a variable window method in which
the size and shape of the corresponding window varies,
according to the relative position of the camera. Moreover, a sub-pixel registration technique is used to improve the precision.
Let us consider a projection of a 3-D space point onto
an image plane through a camera. The projection is
dependent on both internal and external factors. Typical
external factors are the translation and rotation of the
camera, with respect to the world coordinate, while internal factors include the focal length, zoom, the image
o!set, etc. Ignoring additional optical distortions, such as
the lens aberrations, a practical pin-hole camera model
can be represented by using a homogeneous coordinate
system, in which the space point X"(X, >, Z)2 and the
projected image point x"(x, y)2 are related by the following linear equation:
Sm"P[R, t]M
(1)

"P[RX#t],
where m"[x2, 1]2, M"[X2, 1]2,

2. Multi-image matching for a general motion stereo
Similar to the method proposed by Okutomi et al. [6],
we "rst represent the SSD, the object function, in terms of
the depth, so that the results of each stereo image pair can
be integrated in a single framework. Since we consider
the general motion of a camera, it may include the axial,
lateral, and rotational motions simultaneously. In this
case, some feature points in a reference image may no
longer exist in other images, due to occlusion or noise.
Also, a speci"c camera con"guration could show that the
obtained image contains no reliable depth information
for certain feature points. In this section, thus, in order
to solve these problems and enhance the performance of
the motion stereo, we analyze the reliability of the SSD
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o!set parameters, r "[r , r , r ]2, i"1, 2, 3 are the
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rotation parameters, and t , t , and t are the translation
V W
X
parameters, respectively. Note that the scaling factor S is
the distance (depth) from the image plane to the object
point.
Now, consider a camera under a general motion, including both the translational and rotational motion
simultaneously, as shown in Fig. 1. Suppose that N#1
images are taken at the optical center positions of the
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Now, by summing all the individual SSDs between the
reference image C and C , i"1,2, N, we de"ne the

G
sum of SSD (SSSD) for the point x , in terms of S, as

,
SSSD(x , S)"
SSD (x , S)

G 
G
,
"
 f (r )!f (r (S)).
 
G G
G r Z5

Thus, by "nding the value S which minimizes Eq. (6),
we can reconstruct the depth information for the point
x , with respect to the reference image plane C . In


practice, if the approximate range of the object position
is known, it can be easily determined by varying S incrementally by S within the search range [S , S ].
KGL K?V

Fig. 1. General motion stereo camera model.

camera, C , i"0,2, N, where C denotes the reference
G

image. It is assumed that the rotation matrix, and the
translation vector, denoted by R and t for each ith
G
G
camera position, with respect to the world coordinates,
are known. Note that since the projection matrix P is
composed of the internal parameters only, it is constant
for all the projected images.
Let f (x ) and f (x ) be the intensity functions of the
 
G G
reference and the ith target image, respectively. Then, the
SSD function between the reference image and the ith
image for a point x in the reference image can be

de"ned, in terms of the depth S for x , as

 f (r )!f (r (S)),
(2)
 
G G
Z5
where = and r denote a local window surrounding the

point x in the reference image and a point in the win
dow, respectively, and r (S) denotes the corresponding
G
point to r in the ith image.

Note that for a given point r in the reference image,

the corresponding object coordinates can be determined
from Eq. (1):
SSD (x , S)"
G 
r



X(S)"R\[SP\m !t ],
(3)



where m "[r2 , 1]2.


Then, the corresponding point r (S) projected onto the
G
ith image can be obtained from
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[; (S), < (S), S (S)]2"P[R X(S)#t ]
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G
G
G
"P[R R\(SP\m !t )#t ]. (5)
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G
It is noted that the corresponding image point r (S) on
G
the ith image is dependent on S, that is, the depth of the
reference point x .


2.2. Elimination of ambiguity using the weighted sum of
SSD function
It is reasonable that in order to increase the sharpness
of the SSSD function near the true solution, more emphasis should be given to reliable SSDs, while de-emphasizing unreliable ones. In other words, in general, not all
the N images, used for the calculation of the SSSD in
Eq. (6), make equal contributions to "nd the optimal S.
Therefore, in this section, in order to reduce the ambiguities and improve the performance in determining the
optimal solution for SSSD, let us de"ne the weighted
SSSD (WSSSD) function, in which each SSD is weighted,
according to the degree of its reliability, given by
, w (x )SSD (x , S)
G  N,
(7)
=SSSD(x , S)" G G 

, w (x )
G G 
where the weight w (x ) for the ith SSD function is the
G 
measure of reliability, implying how con"dent the ith
image is for the point x of the reference image. Similar to

the lateral stereo case, we de"ne the generalized baseline
between the reference and target frames in general con"guration as the distance from the point C to the line
G
C x .
 
w (x )"sin  ) C ,
G 
G
G

(8)

where
x )C
cos  "  G , 03) (1803.
G
G x  ) C 

G

(9)

Note that  is the angle between the two vectors,
G
x and C . The generalized baseline is used for the relia
G
bility measure for the corresponding SSD function. In the
case of lateral motion stereo where the camera motion
is parallel to the image plane, as shown in Fig. 2(a),
 remains constant for all the image pairs. Thus, the
G
weight w (x ) is directly proportional to the length of the
G 
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Fig. 2. Weight function.

baseline. This notion is based on the fact that a longer
baseline generally yields smaller error [1]. For the case
where C  is constant, that is, all C 's are on a surface of
G
G
sphere of which center is C , as shown in Fig. 2(b), w (x )

G 
is only proportional to sin  . Note that when C is on the
G
G
optical ray C x , w (x ) becomes zero, implying that this
  G 
image is no longer reliable for the computation of the
depth of point x . For example, in the case of axial

motion stereo, we cannot acquire any information from
the feature point in the right center of an image. While, if

C C is perpendicular to C x , then the image can be
 G
 
considered to be the most reliable one.
The e!ectiveness of the proposed weighting scheme is
veri"ed using synthetic test images. Fig. 3(a) shows a reference image with a test feature point near the optical
center, marked by &#', and Figs. 3(b) and (c) present the
images taken under lateral and axial motions, respectively. The individual SSD functions for these images under
lateral and axial motion are shown in Fig. 4(a). From
Fig. 4(a), it is seen that the image under axial motion has
more uncertainty in determining the depth of this feature
point, while the image under lateral motion yields more
reliable result. In Fig. 4(b), the SSSD and the WSSSD
functions for these two image pairs are shown, indicating
clearly that an ability of localizing the true estimate is
signi"cantly improved by the WSSSD scheme. The calculated weights for the "rst and second image are 14.14
and 2.64, respectively. The quantitative evaluation of two
object functions for this test is provided in Table 1, in
which the estimation error for the WSSSD is almost one
seventh of that for the simple SSSD.
2.3. Elimination of occlusion problem using the selective
WSSSD function
As the separation of the positions of the camera increases, usually two stereo images to be matched become

Fig. 3. Images for test of employing weight functions: (a) reference image, (b) "rst image (lateral motion), (c) second image (axial motion).
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Fig. 4. Results on the test of employing weight functions: (a) SSDs, (b) SSSD and WSSSD.

Table 1
Reconstruction error of SSSD and WSSSD

(a)
(b)

Object function

Error (mm)

SSSD
WSSSD

2.33 mm
0.33 mm

functions, by sorting these values by S, we can construct
an ordered set of the positions of the local minimums,
A as
A"S , S ,2, S ,
 
)
where
S )S
G
H

less similar. Thus, some objects obtained by one camera
may not even be visible to the other [1]. Note that in the
case of such occlusion or corrupted noise in image pairs,
the corresponding SSD function may yield no local minimum near the true depth value, although it has relatively
large weights. This situation tends to make the shape of
the overall WSSSD function dull, making it very di$cult
to "nd the accurate estimate of the depth.
In this section, we propose an e!ective method to
detect and exclude these undesirable SSD functions
for computing Eq. (7), so that more reliable and accurate depth reconstruction can be achieved. Note that
for an image without occlusion or noise, the SSD
function tends to have a local minimum, close to
the true depth value. Thus, it is probable that the
depth estimate could be found within the region where
many SSD functions have local minimums. The SSD
functions that have no local minimum in this region
should be excluded in evaluating the object function,
because they cannot give any more reliable information
in that region.
In order to "nd the region where many SSD functions
have local minimums, we "rst obtain the initial
individual depth estimates S's which locally minimize
each single SSD function. In general, each SSD function
could have single, multiple, or even no local minimum at
all. If K local minimums are obtained from N SSD

(10)

if i(j.

(11)

Then, let us de"ne the blocking function, given by
d "
IG



1, SSD (x , ) ) has local minimum in [S , S #],
G 
I I
0, otherwise,
(12)

which indicates whether the ith SSD function has local
minimum near S in the right-hand side within a window
I
of size . And, then the sum of the blocking functions for
all the SSD functions is de"ned by
,
N "
d ,
(13)
I
IG
G
which is the very number of SSD functions that have
local minimums in [S , S #]. If N is 1, only one SSD
I I
I
function has local minimum at S . Whereas, if N beI
I
comes N, all SSD functions have their local minimums in
[S , S #]. Thus, as N increases, it is more likely that
I I
I
the true depth value would be included in [S , S #]. In
I I
our algorithm, the candidate region for the depth estimate is chosen if N is larger than N/2. It means that at
I
least half of the images must provide reliable information
about the feature points.
Now, using the blocking function and the sum in
Eqs. (12) and (13), we can de"ne the Selective WSSSD

1706

J.S. Ku et al. / Pattern Recognition 34 (2001) 1701}1712

(SWSSSD) function as follows.
, d ) w (x ) ) SSD (x , S)
G 
S=SSSD (x , S)" G I G G 
)N ,
I 
I
, d ) w (x )
G I G G 
(14)
where the blocking function is used for determining
whether the ith SSD function would be included or not.
Note that we only consider the S=SSSD functions for
I
the corresponding regions [S , S #] in which N is
I I
I
greater than N/2, and determine the depth candidates
which minimize the object functions in each region. The
"nal depth estimate is then obtained by choosing the
depth value among the candidates which gives the global
minimum. Note that although some feature points in the
reference image might be invisible in some other images,
due to the occlusion or noise, the depth of those feature
points can be recovered robustly, as long as more than
half of the images give reliable information for those
points.
Let us consider an example in which one reference
image and four other images are employed, and four SSD
functions for each pair of images have the local minimums as follows:
SSD : S"0.4, S"1.1, S"3.6,

SSD : S"0.7, S"2.5, S"4.5,

SSD : S"2.8, S"5.2,

SSD : S"3.0, S"5.0.


(15)

Then, the set A is constructed as
A"0.4, 0.7, 1.1, 2.5, 2.8, 3.0, 3.6, 4.5, 5.0, 5.2,

(16)

which is plotted in Fig. 5. As shown in this "gure, by
using the window size "1, the blocking functions
d and the sum of them N for each local minimum
IG
I
S are determined easily. Among these values, since only
I
N , N , and N are larger than the threshold N/2("2),
 

the corresponding functions S=SSSD , S=SSSD , and


S=SSSD are to be examined exclusively, and the "nal

depth is determined as the one which gives the minimum
value of those functions in each corresponding window
region. Note that in evaluating each SWSSSD function,
only three reliable SSD functions among four are employed according to the corresponding blocking function. That is, the other SSD function that does not give
reliable information can be e!ectively excluded.
Note that as the size of the window  increases, more
local minimums would be included in the same window,
which may degrade the discrimination ability in selecting
the reliable SSD functions. On the contrary, if the size of
the window becomes too small, then the performance

Fig. 5. Example of selection.

could be easily a!ected by noise. Empirically, we observed that except for the extreme cases of too large or
too small, the in#uence of the size of  on the performance of algorithm is negligible.
We examine the performance of the proposed method
using several test images with occlusion. Fig. 6(a) shows
a reference image with a test feature point, marked by
&#', and Figs. 6(b)}(f ) show the images taken under
a general motion. Note that the feature point is invisible,
due to occlusion by other parts, as shown in Figs. 6(b)
and (f ). The SSD functions for each test images are shown
in Fig. 7(a). From Fig. 7(a), it is observed that the SSD
functions, corresponding to the occluded images, do not
have local minima near the true depth, while the others
have. Fig. 7(b) shows the WSSSD and the SWSSSD
functions for all the images. But, the two SSD functions
for the occluded images in Figs. 6(b) and (f ) are not
included in calculating the SWSSSD. Note that the
SWSSSD function yields a sharp minimum at the true
depth, while the WSSSD yields a false estimate. The
quantitative measures of the estimation error are provided
in Table 2, demonstrating that the proposed SWSSSD
function can recover the depth quite satisfactorily, even
in the presence of occlusion or noise in images.

3. Experimental results
We test the proposed algorithm on several images,
both synthetic and real. Fig. 8 shows the data set we have
synthesized. The dimensions of the objects in the test
images are in the range of 12}48 mm in each side, and the
camera of the reference image is located about 789 mm
away from the objects. Seventeen images are used for this

J.S. Ku et al. / Pattern Recognition 34 (2001) 1701}1712
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Fig. 6. Images for the test of image selection: (a) reference image, (b) "rst image (occlusion), (c) second image (no occlusion), (d) third
image (no occlusion), (e) fourth image (no occlusion), (f ) "fth image (occlusion).

test. Figs. 8(a) and (b) are the reference and the 16th
image, and 102 corner points, marked in the reference
image, are selected by hand for the feature points.
In Fig. 9, the average depth error for the 102 feature
points is compared under di!erent conditions. Fig. 9(a)
shows the depth error, caused by using individual pair of
images. It is noted that, in this case, the error is quite
dependent on each image pair used. While, as shown in
Fig. 9(b) in which multiple images are combined, the
error decreases substantially as the number of images
increases. We also examine the e!ects of the size of
window = and the searching step S, respectively.

Figs. 9(c) and (d) show the average depth error, according
to the window size and the search step size, respectively.
From these results, it can be concluded that the window
size of 5;5 provide the best performance. As the searching step becomes smaller, the error is reduced. However,
when it reaches a certain threshold value, the error is
converged. Thus, searching step is not important as long
as it is below the threshold value. This threshold value
can be varied to the distance from the camera to the
object. In all our experiments, searching step of 1 mm is
satisfactory. Also, in order to demonstrate the accuracy
of the reconstruction qualitatively, the extracted 3-D
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Fig. 7. Results on the test of image selection: (a) SSDs, (b) WSSSD and SWSSSD.

Table 2
Reconstruction error of WSSSD and SWSSSD

(a)
(b)

Object function

Error (mm)

WSSSD
SWSSSD

42.50
0.50

information of the feature points and the connected lines
are rendered in di!erent viewing directions as shown in
Fig. 10.
As presented in Table 3(c), the average depth reconstruction error for the 102 feature points using the
SWSSSD function is found to be 0.82 mm. Considering
the fact that the camera is about 789 mm away from the
objects, 0.82 mm depth error can be considered as quite
negligible. To compare the result with those of other
object functions, we present the average error using the
mean error of each binocular stereo matching, and that
of the SSSD in Table 3(a) and (b), respectively. From
these results, it is also observed that the proposed the

SWSSSD algorithm reduces the error by 68%, compared
to that of the SSSD.
Fig. 11 shows the real block images we test. The sizes of
blocks are in the range of 30}50 mm in each side, and the
initial location of the camera is approximately 1 m away
from these blocks. Eight images are taken by moving the
camera, and the reference and the 7th image are shown
in Figs. 11(a) and (b), respectively. We select 29 feature
points and 37 feature lines in the reference image, which
are shown in Fig. 11(a). Note that for this test of real
objects, true depth information for each feature point
cannot be available. However, since we know the relative
distances between the feature points, that is, the actual
lengths of each block, we can utilize this information to
measure the accuracy of the depth reconstruction. The
average error for the 37 feature lines using the SWSSSD
is presented in Table 4, along with those using the mean
of the binocular stereo and the SSSD methods. Comparing the depth range of the objects from the camera, we
can conclude that the reconstruction error is negligible.
The extracted 3-D objects in di!erent viewing directions
are shown in Fig. 12.

Fig. 8. Synthetic building images: (a) reference image, (b) 16th image.

J.S. Ku et al. / Pattern Recognition 34 (2001) 1701}1712
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Fig. 9. Average error for the synthetic building images: (a) binocular stereo, (b) SWSSSD, (c) size of window, (d) searching step.

Fig. 10. Reconstructed buildings in di!erent viewing directions.

Fig. 13 shows another test set of CAN images. Seven
images are taken, and the reference image and the sixth
image are presented in Figs. 13(a) and (b), respectively.
Hundred feature points on the surface of the CAN are
chosen for this test as shown in Fig. 13(a). Note that
since the feature points are on the surface of the CAN
of which actual radius is 50.5 mm, the reconstructed
points also can be "tted to a cylindrical surface.

The radius of the resulting "tted cylinder and the mean
absolute error of the points to this cylinder for each
method are calculated, which are provided in Table 5.
Compared to the other two methods, the SWSSSD
method yields the best result with the smallest error. The
extracted 3-D feature points are presented in Fig. 14,
showing that the reconstruction is qualitatively quite
accurate.
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Table 3
Average reconstruction error for the synthetic building images

(a)
(b)
(c)

Object function

Error (mm)

Mean of binocular stereos
SSSD
SWSSSD

2.49
2.58
0.82

Table 4
Average reconstruction error of the block images

(a)
(b)
(c)

Object function

Error (mm)

Mean of binocular stereos
SSSD
SWSSSD

13.87
1.54
1.19

Fig. 11. Block images: (a) reference image, (b) seventh image.

Fig. 12. Reconstructed blocks in di!erent viewing directions.

Fig. 13. CAN images: (a) reference image, (b) sixth image.

J.S. Ku et al. / Pattern Recognition 34 (2001) 1701}1712
Table 5
Reconstructed radius and the mean of absolute error for the
CAN images
Object function

(a) Mean of binocular
stereos
(b) SSSD
(c) SWSSSD

Radius
(True : 50.5 mm)
(mm)

Mean of absolute
error
(mm)

52.67

3.60

51.70
51.20

1.10
0.93

1711

Table 6
Average reconstruction error for the CIL images

(a)
(b)
(c)

Object function

Error (mm)

Mean of binocular stereos
SSSD
SWSSSD

11.77
4.78
3.46

Table 6. These results also reveal that the proposed
SWSSSD scheme greatly enhances the accuracy of the
depth estimation.
The last test is performed using the calibrated imaging
lab. (CIL) images, which are commonly used for the test
of stereo algorithm [12]. Eleven images are used, and the
reference and the 10th images are shown in Figs. 15(a)
and (b), respectively. The camera is located about 1.8 m
away from the buildings, of which the sizes are about
100}200 mm. Similarly, for the 26 feature points of which
ground truths are given, the results are summarized in

4. Conclusion
In this paper, we have proposed a new motion stereo
algorithm to extract the 3-D information from multiple
images, taken under a general motion. The object functions for individual stereo image pairs were represented,

Fig. 14. Reconstructed CAN surface in di!erent viewing directions.

Fig. 15. CIL images: (a) reference image, (b) 10th image.
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in terms of the depth, then these object functions were
integrated in batch mode. By imposing a weight to each
object function, according to the measured reliability,
and employing the object functions of nonoccluded
images selectively, the stability and the accuracy of
the reconstruction could be improved signi"cantly.
Experiments on the synthetic and real stereo images
demonstrated that the proposed algorithm provides
quite satisfactory results. Since the proposed algorithm is
based on a general camera motion, it can be easily
applied to the real applications, such as obstacle avoidance and smart missile navigation.
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