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Abstract

Two new iterative algorithms for shape reconstruc-
tion based on multiple images taken under different
lighting conditions known as photometric stereo are
proposed. It is shown in this research that single-
image SFS algorithms have an inherent problem, i.e.
the accuracy of the reconstructed surface height is re-
lated 1o the slope of the reflectance map function de-
fined on the gradient space. This observation moti-
vates us lo generalize the single-image SFS algorithm
lo two photometric stereo SFS algorithms aiming at
more accurale surface reconstruction. The two algo-
rithms directly determine the surface height by min-
imizing a quadratic cost functional, which is defined
1o be the squares of the brightness error obtained from
each individual image in a parallel or cascade manner.
The optimal illumination condition which leads to best
shape reconstruction is also ezamined.

1 Introduction

Extracting the surface information of an object
from its shaded image, known as the shape from shad-
ing (SFS) problem, is one of the fundamental prob-
lems in computer vision. Many SFS algorithms us-
ing a single image have been developed [1], [2], [3],
[6], [8]. However, it is well known that this problem
is ill-posed so that the solution may not be reliable.
Thus, researchers have also considered the use of mul-
tiple images to provide additional information for ro-
bust surface reconstruction, which includes the photo-
metric stereo method [4], [10], [11] and the geometric
stereo method [5], [9].

The photometric stereo method was first proposed
by Woodham [10], [11]. With this method, one uses
images taken from the same viewing direction under
different lighting conditions. The surface orientation
of alocal point is determined by its irradiances in these
images by using the fact the orientation corresponds
to the intersection of constant brightness contours of
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different reflectance maps on the gradient space. Since
it is a local method where the surface orientation is
determined point by point, it is applicable without the
smooth surface and the constant albedo constraints.
However, integrability problem arises in this method
and it is sensitive to noise.

In this research, we first show that the single-image
SFS algorithm may not yield an accurate result by ex-
amining the characteristics of the reflectance map, and
explain how to use the photometric stereo informa-
tion to improve the accuracy of the reconstructed sur-
face. We propose two robust SFS algorithms which de-
termine the surface height directly using photometric
stereo images and call them the parallel and cascade
schemes. The optimal illumination condition which
leads to best shape reconstruction is also discussed in
the current setting and verified experimentally.

2 Single-Image SFS

The basic equation for the image formation process
can be expressed by the image irradiance equation

E(z,y) = R(p,9), (1

where R is called the reflectance map function. The
reflectance map can be derived that

1™n >0,
I™n <0,

i,

R(p,q) = { 0,
where 7 is the albedo of the surface,

_ (_py -4 l)T

n=
V1+p?+¢?

is the surface normal, and

(2)

1= (—p.‘l? —{qs, 1)T
V1+pi+al

is the unit vector of the illumination direction pointing
toward the light source, and where 7 and o are the
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Figure 1:  (a) A uniform triangulation of a square

domain ©; (b) A nodal basis function ¢;.

tult and slant angles and p, and ¢, denote the slope
of a surface element perpendicular to the illumination
direction.

Consider the approximation of a smooth surface
with a union of triangular surface patches over a uni-
form grid domain as illustrated in Fig. 1(a). The
approximating surface can be expressed as a linear
combination of basis functions ¢; with local compact
support known as the finite triangular elements (see
Fig. 1(b)) such that

M,
z2(z,y) = Z zi9i(z,y),
=1

where z; is the value of 2(z,y) at the ith node and
M, is the number of nodal basis functions. Then, the
orientation of a triangular patch can be determined as

2, 9ilz,y) >, 99i(2,9)
z,y) = zi——== q(z,y) = Z———=
p(z,9) ; = a(z,y) Z;z 5
3)
Combining finite triangular surface model with the
linearized reflectance map image formation model, we
can express the image irradiance directly in terms of
nodal heights of triangular elements as follows.

M,
E=R(p,)~ap+fBg+7=3 &izi+7y, (4)
=1
where
9¢i(z,y) 0¢i(z,y)
¢. b
,((E, y) o Oz +,B 8y s
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and

_ OR(p,q 9R(p,q)
a=—" = |(p0.40) -

)
ap l(pu,qo)’ g = dq
To estimate the nodal heights z;, we consider the
cost functional which involves brightness error and
regularization term,

£ = //ﬂ(Eo—E)2 dz dy+% //(er+223y+25y) dz dy,

(5)
where F, and E denote the observed and generated
image irradiance by the reflectance map model, and A
is the smoothing factor. By substituting (4) into (5)
and discretize the second term, we obtain

M
X 1
// [E, — (Z ;2 + 7)) de dy + EzTBz
f i=1

(6)

It can be shown [6] that although the stiffness ma-
trix A and the smoothness matrix B are symmetric
positive semi-definite, C is usually symmetric positive
definite. Then the minimization problem is equivalent
to the solution of the linear system of equations

Cz =b.

&

= %ZTCZ—bTZ-i—C, C=A+)B,

Efficient iterative linear system solvers such as multi-
grid method or PCG (Preconditioned Conjugate Gra-
dient) method can be applied for its solution.

To obtain more accurate reconstructed surface, a
successive linearization scheme is applied to the re-
flectance map. That is, we linearize the reflectance
map with respect to the local gradient point of the
triangular patch obtained from the previous iteration,
and perform the above solution procedure repeatedly.

3 Characteristics of the Reflectance

Map

Since the SFS algorithm is an inverse process which
recovers the surface orientations from the image irradi-
ance through the reflectance map, the characteristics
of the reflectance map play an important role in this
problem. For simplicity, let us fix the value of ¢ = ¢g
and view the reflectance map R(p, ¢o) as a function of
one variable p. The corresponding irradiance equation

becomes
E = R(p, o). (M

The sensitivity of p with respect to the change in E

can be estimated via
Ap OR(p,q0)\
dp ’

E

(8)




which is inversely proportional to the slope of the re-
flectance map at point p. Thus, for a fixed value of
AE, the estimate j is more accurate (i.e. smaller value
of Ap) for the region where R(p, qo) is steeper. Similar
arguments can be made along the g-direction.

The contour plots of two typical reflectance maps
are given in Figs. 2(a) and (b). They are skewed along
the line passing through (0, 0) and (ps, ¢s). If the spac-
ings between the adjacent contour lines are narrower
(or wider), the slopes of the reflectance map R(p,q)
are steeper (or smoother), or equivalently, the partial
derivatives Rp(p, ¢) and Ry(p, g) of the reflectance map
have larger (or smaller) absolute values. For a given
point (po, go) in the gradient space, the sensitivity is
highest along the gradient direction, i.e.

YV R(po, 90) = (Rp(Po, 40), Re(Po, 90))

and lowest along the tangential direction, i.e.
(—Rq(Po, 90), Rp(po, 90))-

In practice, real images contain noises such as the
sensor, quantization and modeling error noises. Since
the image is corrupted by these noises, it is rela-
tively difficult to obtain accurate surface orientations
or heights in the region where the slope of the re-
flectance map is smooth [7]. Moreover, note that
the components of the stiffness matrix A are deter-
mined primarily by the partial derivatives of the re-
flectance map with respect to p and ¢ [6]. Therefore
either small values of the partial derivatives R,(p,q)
or Ry(p,q) cause some elements of the stiffness matrix
to be nearly zero and make the problem ill-conditioned
so that the height or orientation related to those ele-
ments cannot be easily determined. We observe that
smaller values of the partial derivatives Rp(p,¢) and
R,(p, q) often slow down the convergence rate of the
iterative algorithm. The slow convergence behavior is
clearly attributed to the large condition number of the
original nonlinear minimization problem (5).

4 Two Photometric Stereo SFS Algo-
rithms

The photometric stereo images provide several re-
flectance map functions, which can be used to enhance
the sensitivity of Ap and Ag with respect to AE over
the gradient domain of our interest.

Given J different photometric stereo images Eo;
with their corresponding reflectance maps Ri(p,q),
j = 1,...,J, we consider two different schemes
to combine them, namely, the parallel and cascade
schemes. The parallel scheme is to use all images at
the same time, and formulate all R;(p,¢), 1 <Jj < J,

in one cost functional,

£= //Jz;(on — E;) dzdy

A
+§ //(zﬁ,, + 22314 + zgy)d:c dy, (9)
where E,; and Ej are the jth observed and parame-
terized images, respectively. By using the triangular
element surface model and the linearized reflectance
model, we can express (9) in the discrete form,
1 ~ ~ ~ ~
£= 5zTCz —bTz4+¢, C=A+1B, (10
where the overall stiffness matrix A and the load vec-
tor b are the sum of each individual stiffness matrix
A; and the load vector bj, i.e.

J
A=) A, b
ji=1

The nodal height vector z is the vector which min-
imizes the quadratic functional (10) and can be ob-
tained by solving the linear system of equations,

J
=) b; (11)

j=t

Cz=b. (12)

In contrast, the cascade scheme uses the photomet-
ric stereo images one after another in a cascade man-
ner. The single-image SFS algorithm is used for each
image and the previous result is used as the initial
condition.

5 The Optimal lighting Conditions

To improve the performance of the single-image
SFS algorithm, we incorporate reflectance maps that
compensate each other’s weakness. We know from
Section 2 that

cos Tsin o
Ps=—————
cos o
and . .
sin 7sin &
g =———"
cos o

Thus, the angle 8 which the line passing through (0, 0)
and (ps, ¢s) makes with the p-axis and the distance d
between (0,0) and (ps,¢s) can be written as

§ = arctan (q_.,) = arctan(tant) = T,

Ps

d =+/p? +¢? = tano,



Table 1: The rms error of the reconstructed surface
heights according to the variation of tilt angle of the
second image for the parallel and the cascade schemes,
(tilt, slant) = (45°,45°) are fixed for the first image
and slant =45° are fixed for the second image.

tilt(°) | parallel | cascade
0 0.125186 | 0.187297
15 0.128692 | 0.231566
30 0.192990 | 0.360646
45 0.447816 | 0.431678
60 0.181018 | 0.336983
75 0.109999 | 0.218857
90 0.093384 | 0.208685
105 0.087438 | 0.226707
120 | 0.085450 | 0.221273
135 0.076186 | 0.237868
150 | 0.079959 | 0.225893
165 0.084040 | 0.210219
180 0.132937 | 0.186983
195 0.170376 | 0.201333
210 0.170710 | 0.261275
225 0.168250 | 0.347342
240 0.149476 | 0.299825
255 | 0.121514 | 0.217509
270 | 0.090110 | 0.192800
285 0.085979 | 0.204031
300 0.096235 | 0.210975
315 0.078121 | 0.214341
330 0.080660 | 0.212522
345 0.099063 | 0.214217

respectively. Note that the angle 8 is exactly the same
as the tilt angle 7, and the distance d depends only on
the slant angle o. Therefore, the tilt angle determines
the orientation of the reflectance map around the ori-
gin whereas the slant angle determines the distance
between the origin and (ps, ¢,) in the gradient space
as well as the shape of the reflectance map. The angle
between the two gradient directions of the reflectance
maps with tilt angles 71 and 75 is simply | 71 — 75 |.
If the slant angle is in the range between 30° and
60°, the reflectance map covers the central region of
the gradient space which is our main concern and has
appropriate values in steepness. Thus, the optimal
lighting condition is primarily dependent on the tilt
angles of different light sources and not sensitive to
the slant angles as long as they are between 30° and
60°. We know from the discussion in Section 3 that
the reflectance map provides good sensitivity along the
gradient direction but poor sensitively along the tan-
gential direction. Consider two photometric stereo im-
ages illuminated from the same slant angle but differ-
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Figure 2: Contour plots of two reflectance maps
with (a) (albedo, tilt, slant) = (250,45° 45°) or
(ps,qs) = (=0.707,—0.707); (b) (albedo, tilt, slant) =
(250, 135°,45°) or (ps,gs) = (0.707,-0.707); (c) com-
bined reflectance map of (a) and (b).

ent tilt angles. It is ideal that the gradient directions
of one reflectance map correspond to the tangential
directions of the other reflectance map over the region
of our interest. This can be achieved by choosing the
difference of their tilt angles to be 90°, One such ex-
ample is given by Fig. 2(c), where the contour plots of
two reflectance maps are shown together. Note that
the gradients of a smooth surface are usually concen-
trated on the central region of the gradient space, say,
—0.5 < p,q < 0.5. It is clear from these two figures
that the gradient direction of one reflectance map is
the tangential direction of the other and vice versa
in this region. To summarize, the optimal lightening
condition can be written as

(13)

The condition (13) can be verified by the experi-
mental results shown in Table 1. The test object is
the sombrero surface shown in Fig. 3(a). We see from
these data that the parallel scheme produces more ac-
curate reconstructed surface and the best result is ob-
tained when the tilt angles of the two photometric
stereo images are orthogonal to each other. That is,
when the tilt angle of the second image is around 135°
or 315° in this example. The error becomes larger
when the two images are illuminated from similar tilt
angles.

| 7 — 7 |= 90°.
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Figure 3: The sombrero test problem: (a) 3-
D height plot, (b) (p,q) distribution in the gradient
space, (c) synthesized image with (albedo, tilt, slant)
= (250,45°, 45°), (d) synthesized image with (albedo,
tilt, slant) = (250, 135°,45°) .

6 Experimental Results

Test Problem 1: Sombrero

The tested photometric stereo images are shown in
Figs. 3 (¢) and (d) which are generated from the som-
brero surface as shown in Fig. 3(a). Note that these
two images are shaded by light sources with orthog-
onal tilt angles. The (p,q) distribution of the true
sombrero surface is given in Fig. 3(b).

Results of the single-image SFS algorithm applied
to Figs. 3(c) and (d) are given in Fig. 4. The results
are not good in some regions. By comparing the distri-
bution of these (p, g) values with the original one, we
see clearly that points move very slowly along the tan-
gential directions of the contours. The results of the
parallel and cascade schemes are shown in Fig. 5. By
comparing the (p, ¢) distribution of the parallel scheme
and the single-image method to the original one, we
see that a significant improvement has been achieved
by using the parallel scheme. This is due to that the
two reflectance maps help each other and provide good
sensitivity over the interested region of the gradient
space as discussed in Sections 3 and 5. The cascade
scheme provides a better result over the single-image
SFS algorithm. However, it performs slightly worse
than the parallel scheme as shown in Table 1.

Test Problem 2: Agrippa
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(d) -
Results of the single-image SFS algorithm

Figure 4:
applied to the sombrero image: (a) and (b) the re-
constructed height, the corresponding (p, ¢) plot from
the image of Fig. 3(c), (c) and(d) the reconstructed
height, the corresponding (p, ¢) plot from the image of
Fig. 3(d).

The test images are 128 x 128 real images of the
Agrippa statue as shown in Figs. 6(a) and (b). The
results of the single-image SFS algorithm, the parallel
and cascade schemes are shown in Figs. 6(c)-(f). We
observe from Figs. 6(c) and (d) that ambiguities occur
for both surfaces in several regions including cheeks.
Moreover, the shadow problem is quite serious. It is
evident from Figs. 6(e) and (f) that a great deal of im-
provement has been achieved by parallel and cascade
scheme. We conclude that more accurate results are
produced by using the photometric stereo schemes, in
particular, by using the parallel scheme.

7 Conclusion

We have shown that the accuracy of the recon-
structed surface and the performance of the single-
image SFS algorithm are highly related to the slop
of the reflectance map function in the gradient space.
Based on this observation, we proposed two new itera-
tive SFS algorithms, i.e. parallel and cascade schemes,
using multiple photometric stereo images taken under
different lighting conditions.

Experimental results show that both schemes pro-
duce more accurate reconstructed surface compared
to the single-image SFS algorithm. The effect of dif-
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Figure 5: Results of the photometric stereo SFS
algorithms applied to the sombrero image: (a) and (b)
the reconstructed height, the corresponding (p, q) plot
by the parallel scheme, (c) and (d) the reconstructed
height, the corresponding (p, ¢) plot by the cascade
scheme.

ferent illumination directions of two light sources is
also tested. We conclude that the best result can be
obtained when the two illumination directions are or-
thogonal to each other, since their reflectance maps
complement each other in the optimal way in the cen-
tral region of the (p,q) domain.
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